Math 112 - 018 Rahman Exam 2

SPRING 2014 SOLUTIONS

(1) (a) limy, 00 ne™" = limy, 00 eln = limy, 00 ein =0.
Hence, it converges.
2 2
lim \/m2 _ = lim n“+n—m
(b) n—o0 nc+n n n—oo @+n

= lim,,— o0 m = lim,, o0 Vst
Hence, it converges.
(2) Notice Ax =1/2,80 xg =1, 1 = 1.5, x9 = 2, 3 = 2.5, x4 = 3.
(a) Plugging this into the formula gives,

Iy = SE U (a0) + 2f (1) + 2f(0) + 2 (a5) + S = 3 [1+ 05 + 5+ 55 + 5]

(b) Plugging this into the formula gives,

_Al‘

Is = U Geo) + 4f () + 2 (a2) + 4f (a) + flan)] = g [1+ 15 + 5+ 55 + 5]

(3) (a) I find it easier to do a u-sub first, but you don’t have to. Let
¢ =x/3 = 3d¢ = dx, so [xcosh(x/3)dx =9 [ £ cosh&dE. We
integrate this by parts using u = ¢ = du = d¢ and dv =
cosh £éd€ = v = sinh &. This gives,

I =9¢sinh ¢ — 9/sinh§d§ — 9¢sinh& — 9coshé + O = 31:sinh§ - 9cosh§ o)

(b) We must first break this fraction up,

2+ A B C Az —-1)2+Bz-1)+C
1P a1 @12 @~ @—17
Az —2Az+ A+ Bz —B+C A®+(B-2A)s+A—-B+C
(z—1) - (z—1) '

This givesus A =1= B =3 = C = 2, then

dx dr dzx 3 1
I= ) —+4+3 | —=+2 | ——— =1 -1 — — C.
/:E—l+ /(:n—l)2+ /(x—l)?’ nfe—1] x—1 (:1,‘—1)2+

1

o
107



(4) We use trig-sub with z = 2tan§ = dz = 2sec? 0,

_/8tan39256(: 0

df = 8/tan3 0 sec6df = 8/tan f(sec? § — 1) sec Hdf
2sect

We solve this via u-sub with u = secf = du = secf tan 6,

3
8 (uz—l)du:8%—u+C’:gsec39—8se09+0.

Now, we must put it back into x. Notice tanf = /2, so the

hypotenuse is vz2 + 4, then sec = V22 + 4/2, then

I =

(\/a:? T 4)3 — 422+ 44O,

W =

(5) We break this up via partial fractions,

53 —3z*+2x—1 523 —-32°+22—-1 A B Cz+D
zt + 22 B x?2(22 +1) T a2 241

Finding the common denominator and equating the numerators
gives,

523 — 32% 4+ 20 — 1 = Az(2* + 1) + B(2? + 1) + (Cz + D)2?
= Az® 4+ Az + Ba® 4+ B+ Ca® 4 Da?
= (A+C)2® + (B + D)2* + Az + B.

We get A = 2 and B = —1 straight away, then C =3 and D = -2,
then

e

T +1

dx dx
_2/ / 3/x2+1dx_2/x2+1

3
—21n\:c|+ —|—fln\:c + 1| —2tan" 'z + C.



(6) We solve this via trig-sub with z = £ sin = dz = £ cos 6d,

I:/ésin30%cosc9 16/sm9 (1 — cos? 9)d0

cos3 6 cos2 6

1 ) 1
=T [/secﬁtan&d@—/sm@d@] = E[secﬁ—i-cosG—i—C].

Now we put this back in terms of x, noting that sin § = 2z, so the
adjacent side is v/1 — 422, then

1
)
16{ %1743024-\/1 4z +C]

(7) We solve this via integration by parts, with u = In(2® — z)

= du = if_‘;dx and dv =dx = v ==z,
322 -1 322 -1
Iz:vln(xg—x)—/;ﬁxdm:xln(xg—x)—/ xe—ldx'

Now, we must break up the second integral via long division and
partial fractions,

BP-1_, . 2 .2 . A B
2 -1 2 -1 (x—1)(x+1) r—1 xz+1
Then, finding the common denominator and matching the numer-
ators, gives

2=Az+1)+B(zx—-1)=Az+A+Bx—B=(A+B)z+A—-B.
This gives, A= —B =1, then

I::cln(x?’f:z:)f/?)dxf/ dz +/ dz —zln(2® —2) =3z —In|z — 1| +In|z + 1| + C.
r—1 z+1

(8) (a) It diverges because,

w/2 t t
/ tan® zdz = lim sec? xdx — / dr = lim (tanz —z)|f = lim tant —t = oo
0 0

t—=57 J0 =57 =57
(b) We evaluate this equation via u-sub with = tan='z = (1/(1+
2
x?))dz.

-1
o tan~ g . ttan~ 1z . tan™" ¢

/ ———dx = lim ———dxz = lim udu

0

1 —+ 1;2 t—oo Jo 1 —+ 1,‘2 t—oo Jo
tan—1¢ 2
1 s
= lim —u? = lim —(tan"'#)? = —.
t—o0 0 t—oo 2 8




(9) (a) We can just take the highest term in the numerator, which is
vz and the highest term in the denominator, which is 22, then
VI /2 = 273/2. We use the limit comparison test because it’s
tough to come up with a good direct comparison, so

. \/x+2/x2 . VT +2 . 2
lim ———— = lim = lim /1+—=1.
=60  p—3/2 oo /1 200 T
This shows that the comparison is valid, so since [} Jg% converges

becausep > 1, [° ﬁj 24z also converges by the limit comparison test.

(b) It’s a bit more difficult to see the comparison here, but we know
1/e* goes to 0 very fast, so our hunch is that it converges. Notice
that in our integral the denominator has a positive term added

to e” on [1,00), so ez—i\/:? < e% on [1,00). Now,

* 1 t 1 1
. _ . it . _
—dz = lim e’ = lim —e $|1:hm—et+f:f
1 er t—o0 Jq t—o00 t—o00 e e
dx
ez

So it converges, therefore by the direct comparison test [;°

also converges.



