MATH 112 - 009 RAHMAN Exam II

FALL 2015 SOLUTIONS

(1) (a) We take the limit,

, 1+e™
lim ——— =e,
n—o0 1/6 + e—2n
and hence it converges.

(b) We take the limit,

1-— 1 —1/n?)sin(1
lim 1= cos(1/n) = lim (=1/n) sin(1/n) = lim sin(1/n) =0,
n—oo 1/n n—o00 — 1/n2 n—o00

and hence it converges.
(2) (a) I@“—é [0—1—2-‘/754—24_2.\/?5_,_0} :_\/§4+1‘
(b) I~ —55 [O+4-‘/7§+2+4.\/7§+o] — 22
(3) (a) We use partial fractions,

A B 2
¢ __ x+33=>A($+1)2+B(.Z‘—i—1)+C:A$2+2AIB+B.CC+A+B+C

1l T ) @ )P @t
= Az’ + (2A+ B)z+ (A+B+C)=2"+3=A=1,B=-2,C =4.

So the integral is,

/1—2+41|+1|+2—2
r+1 (w12 @r1z) Y r+1  (r+1)2

(b) Here we use u-sub, with u = 42? — 1 = du = 8zdx,

1 d 1 1
é u3_1;2 = —Z—Luil/z—%c:—1(4.%2—1)71/2"‘0.

(4) We use partial fractions,

I =

A+Bx+ C+ Dx _:E2+2x+1
2241 @212 (221 1)
= (A+Bx)(2*+ 1)+ C+ Dx=Ba* + Az*> + (B+ D)z + (A+C) =2 +22+1

= B=0,A=1,D=2,C=0.

Hence, the integral is

1 2x 1
= dr = tan™' z — C.
/(m2+1+(x2—|—1)2) r=tan " x2—|—1+

(5) Here we use u-sub, with v = 2? + 4 = du = 2zdr = 2> = u — 4,

1 [u*—8u+16 1 1
_ _ -1/2 —-3/2 —5/2

16 16
— U1/2 + 8U_1/2 . gu—B/Q + C = (1,2 +4:)1/2 + 8(£L‘2 +4)—1/2 . §<£L'2 +4)—3/2 + C.
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(6) We use trig sub, = sinf = dx = cos 6d6,

1 1 1 1
]Z/COSQQdQZ5/(1+C082Q)d0: g—l—zsin%—i—C’:isin_lx—i—éx\/l—x?—l—a

(7) First we use integration by parts, u = tan™'z = du = 5, dv = 23dx = 23/3.

+$2’
1 1 3
I=—-23tan o — —/ v dzx.
3 3) 1422

We need to use long division on the second integral,

2’ T 1, 1
- — 2%~ ZIn|a® +1].
/1—|—x2 /x 231 2% "l

Then the full integral is,

1 1 1
I= gx?’tan_lx—6x2—|—61n|x2—|—1|+0.

(8) (a) Notice the singularity is at 7/2, then we have to do one integral at a time,

t t

cos T
lim ————dxr = lim |1 —sinz|
t=r/2 Jo 1 —sinx t—m/2
Since one integral diverges, the entire integral diverges.

(b) Here we use u-sub, u = Inz = du = dz/x. Then our integral is,

= 0
0

¢

) tdu ) 1

I = lim — = lim ——
t—o0 1 U2 t—o0 U

_ 1
:hm—g—l—lzl

t—o00

1
Hence, the integral converges.
(9) (a) We use direct comparison since e'/% /(22 + 4) < e/z* on the interval [1,00). Now, [~ e/z*dx
converges since p > 1, hence the original integral converges by DCT.
(b) Here we use limit comparison. By looking at the highest power terms we assume that the
comparison will be to 1/z, to prove this we take the limit of the ratios,

Y z? /1% + 6 ’ z? I 1 )
im ~—" = lim ——— = lim ——— =
T—00 1/ZB r—00 /26 + 6 55_>°°\/1+6/$2

And, floo dx/x diverges since p < 1, hence the original integral diverges by LCT.



