MATH 112 - 009 F15 RAHMAN Week12/13

11.1 PARAMETRIZATIONS OF PLANE CURVES

For parametric curves we think of a little creature on a 1-D curve or
equivalently a bead on a wire. We denote these curves as x = f(t) and
y = g(t) i.e.  and y as functions of ¢ where we can think of ¢ as the time
the creature spends moving.

Ex: Consider = t> — 2t, y = t + 1. We can convert this into z as a
function of y, but now we have to be careful. When we do this we
make sure that we adhere to the domain of ¢ not y, so the domain of
y must be restricted by the domain of t. We convert this by noting
t =y — 1, and plugging in to the formula for z, x = y> — 4y + 3. We
can sketch this, but we have to make sure we include the directions
arrows. We can think of these arrows as the direction the creature
is moving on the curve.

Many times we put restrictions on ¢, such as a <t < b and (f(a), f(b)) is

called initial point and (f(b), g(b)) is the terminal point.

(1) Consider z = cost, y = sint, 0 < t < 27w. We directly identify this
as a circle. Notice that z? + y? = 1 and the direction of movement
is counter-clockwise. What about x = cos 2t, sin 2¢t?7 In that case we
go around twice.

(2) Consider x = sint, y = sin?¢. Notice that y = 2% and |z| < 1, but
this curve goes back and forth on this line because sint is a periodic
function, so the arrows must be in both directions.

(3) Consider & = cos2t, y = sin®¢. This gives y = % — %cos 2t = % — 5.

Know what Cardioids are.

11.2 CALCULUS WITH PARAMETRIC CURVES AND APPLICATIONS

One thing we would like to do with parametric curves is find the slope at
any point. It’s quite easy to derive these:
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We can also calculate the second derivative:

Py dy'/dt 9" F ) — [0 O/ F ) ")) — [ (t)g'(t)
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(1) A curve C is defined by = = t2, y = 3 — 3t.
(a) Show the curve has two tangent lines at (3,0).
(b) At what points are the tangent lines horizontal /vertical?
(c) Where is the curve concave up/down?
(d) Sketch (this was done in class).
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(a) Solution: We notice that a 1-D curve can have two tangent
lines only if it crosses itself in a transverse manner. This means
there are two such times ¢ where (z,y) = (3,0), so lets solve for
this.

y=1t3-3t=t(t?-3)=0=1=0,+3,
r=1t>=3=1t=+/3.

Therefore, (z,y) = (3,0) when t = +v/3 i.e. two different ts,
and hence has two tangent lines.

(b) Solution: For the horizontal and vertical tangent lines lets
equate the respective time derivative of x and y to zero.

d
Y312 3=0=t=+1,

dt
de =2t=0=¢t=0.
dt
Since there are no repeats we can say that the horizontal tangent
lines occur at ¢ = +1 which means (1, —2) and (1,2) and the
vertical tangent line occurs at ¢ = 0 which means (0, 0).

(c¢) Solution: For the concavity we compute the second derivative,
% = 3(12;1)7 so the curve is concave up for ¢ > 0 and concave
down for ¢ < 0.

Consider z = r(0 —sinf), y = r(1 — cos6).

(a) Find the equation of the tangent line at § = 7/3.

(b) At what points are the tangent lines horizontal /vertical?

(c) Find the area for the curve for 6 € [0, 27].

(a) Solution: This is exactly like solving for the equation of a
tangent line from Calc I, except we have a slightly different way
of calculating the derivative. Lets go ahead and calculate the
derivative,

(2)

%_ rsin @ sin 0

dr  r—rcosf 1—cosf

Then, at 3/(7/3) = v/3. Now we must find the respective = and
y, which are z(r/3) = r(7/3 — v/3/2), y(7/3) = r/2. Now we
plug this into the point slope form of the equation of a line,

y_QOZW(x—$O):>y—g= 3(36—(7?:—\?)7“).



(b) Solution: To find the horizontal and vertical points we equate
the relative derivatives to zero,

d
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Hence we get horizontal derivatives for every odd nr i.e. (2n —
1)m. Now for the even nm both derivatives are zero, so we must
take the limit,
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So, these are the vertical points. That means we get horizontal
tangents at ((2n — 1)7r, 2r) and vertical tangents at (2nr,0).

(c) Solution: For the area lets not worry about the limits until we
get to the parametric form. We start off with the usual integral
and derive the parametric integral,
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/yd:n/ y(@)%d@ = / r(1 —cosf)r(l —cosf)dd = r2/ (1 —2cosf + cos® 0)do
0 0 0
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= r? [9 — 2sinf + - sin 20] = 3nr2.
2 4 0
If we recall, when we first learned arc length and surface area we derived

our formulas through parametrization. At the time I said we didn’t have
to worry about it, but now this really comes into play. Since we already
derived it I shall simply provide the formulas for arc length and surface area
respectively,
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SA = ey | =) + (= | dt Revolution about x-axis  (4)
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(1) Find the arc length of x = cost, y = sint from ¢t = 0 to t = 2.
Solution: We first take the derivatives, dz/dt = —sint and dy/dt =
cost, then we plug into our formula,

27 27
L= Vsin? t + cos? tdt = / dt = 27.
0 0

(2) Find the arc length of x = r(0 —sin6), y = r(1 — cosf) from t = 0
to t = 2.
Solution: Here we have the same procedure to get,

o 21
L= / \/r2(1 —cos6)2 4 r2sin?0dh = r 2(1 — cos 0)do
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2w 27 0 0 27
= T/ 2(2 sin? 0/2)d0 = 27“/ sin —df = 2r [—2 cos :| = 8.
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0

(3) Show that the surface area of a sphere of radius r is 47r2.
Solution: We can rotate the semicircle x = rcost, y = rsint about
the x-axis, hence

™ s
SA = / 27 sinty/(—rsint)2 + (rcost)2dt = 27rr2/ sintdt = —2mr? cos t|] = 4.
0 0



