MATH 112 RAHMAN Week3

6.5 WORK

Work is the sum of forces exerted over a certain distance. It’s induced by an action. For a constant force,
it will be W = Fd, where W is the work, F' is the force or equivalently the weight, and d is the distance
traversed. As we saw in class the problems get quite difficult, but the concept is fairly simple: force times
distance. We can basically get two types of problems: 1) The force is found as a function (such as springs)
or 2) We calculate an infinitesimal amount of work and integrate (such as ropes and tanks).

We first did some simple examples

Ex: How much work does it take to lift a 1.2 Kg book 0.7m.
Solution: Assuming g = 10m/s?, the force is F' = 12N, then the work is W = Fd = (12)(0.7) =
8.4J.
Ex: How much work does it take to lift a 61b weight 6ft?
Solution: Here we are already given the weight, which is equivalent to the force it exerts, so
W = Fd =66 = 36ft-lb.

Now, what if the force changes as a function of distance? Then we need to add up all parts of the force, so
we get the equation W = f: F(z)dz. For springs we recall Hooke’s law states that a mass on a spring feels a
force proportional to the length that the mass is stretched from the spring’s natural position (i.e. F = kx),
where x is the distance from the natural position and k is the spring constant.

4) Since we know F' = kux, for a particular force at a particular length we have k = F/2 = (90N)/(1m) =
90N/m. Then the force at any distance will be F(z) = 90z, so the work is

5

= 1125.

5 5
W = / F(z)dx = / 90zdx = 452°
0 0 0

6) Again, k = F//x = (1501b)/(1/16in) = 16-150lb/in, so for the first part F'(1/8) = (16-1501b/in)(1/8in) =
3007, and the second part is

1/8
1
_1 T,

1/8
W(1/8) :/0 (16 - 150)zdz = (8 - 150)z> ) <

For rope and tank problems we pretend to lift a little piece at a time and integrate over the boundary.

7) The density is p = 0.624 N/m, so the weight of some arbitrary i*" piece is F; = (0.624)6x. So the
work for that piece is W; = Fyaf = [(0.624)dz]z}. If we can do this for one piece, we can do it for n
pieces, so W ~ Y1 | xFdz. Taking the limit gives us

50
= (0.312)50% = 780.J
0

n 50
W = lim ijéx:/ (0.624)zdz = (0.312)22
n—oo
i=1 0

9) Again, p = 4.5b/ft = F; = 4.50x = W; = (4.56x)z}, then

180

180 9
W = / 4.5xdr = 1952 =9-.90% = 72,900ft — Ib
0

0



15) Lets define our coordinate system to be 0 at the top and 10 at the bottom. We break the tank up
into circular cylinders, such that the i*" cylinder has a height of dz; and a radius of ;. We need to
find r; in terms of x;. We can do this by using similar triangles, i.e. the ratio of the radii will be
equivalent to the ratio of the heights of the big triangle (half the cross-section of the tank) and the
small triangle (half the cross-section of the water). The ratio is

ry 10—

1 *

Now we know the volume, force, and work of the i*" cylinder

57 o7
V; = mride; = z(10 —a})20x; = Fy = pV; = ZW(lO —a)?Ax; = W, = Faf = ?ﬂx;“(lo — ) Ax;

Then the work is

57 10 57 10 57 20 , 1 ,% 57
W= —7r/ r(10—x)3dxr = —w/ (1002—20z%+23)dx = —7 |50z — —2> + ~2*| = ==x[5000—20000/3+2500]
4 Jy 4 Jy 4 3 4 ], 4
16) The only thing that changes are the limits and the distance traveled, so
Wi:Fi'(4+$i):>W:Z7T/ (4 + x)(100 — 20z + 2?)dx
5

17) This is a much easier problem because the radius doesn’t change, so
V; = mrih; = 110?Az; = 100nAz; = F; = py; = 5120mAx; = W; = Fa; = 512072, Az,

Then the work is
30

30
1
W= 51207r/ rdr = 51207 - 53;2 = 25607 - 30% ft — Ib.
0

0

1. 7.3 HYPERBOLIC FUNCTIONS

Hyperbolic functions are similar to trigonometric functions, and have the following definitions:
sinhz = £ (e” — ™) coshz = (e +e77) tanh z = sinhz

hx
cschax = 1/sinhx sechx = 1/ coshz cothx = 1/tacfr)fhx

It is also useful to know what they look like. You don’t have to be able to graph them precisely, just have
an idea of the sketch. In order to recall what they look like just use the definitions and take the average of
the exponentials.

10

10

csch(f) ——

sinh(f) ——
cosh(B) -------- sech(@) --------
tanh(B) ------- coth(f) -------

-10

-10

-10



They are also subject to the following identities:
sinh(—z) = — sinh(x) cos(—x) = coshz cosh? z —sinh®z = 1 1 — tanh® z = sech? z
sinh(x 4+ y) = sinh x cosh y + cosh x sinh y cosh(z + y) = coshz coshy + sinh z sinh y
Proving these identities will allow us to understand them better.

Theorem 1. cosh?x — sinh®z = 1

Proof.
2 : 2 1 T —x 2 1 T —x ? 1 2x —2x 1 2x —2z
cosh” x — sinh”z = 5(6 +e )| — 5(6 —e ) :i(e +2+e )—Z(e —24e ) =1

O

Theorem 2. 1 — tanh® z = sech?

Proof. Here we simply divide the entire equation by cosh? x,

1
[cosh® 2 — sinh? z = | —s—=1- tanh?® z = sech?
cosh” x

|

The other identities are proved in a similar manner. Even though proofs don’t appear on exams they will
help you get a better understanding of the concepts.

It’s also important to know the derivatives of hyperbolic functions,
(sinhz)" = coshz (coshz) = sinhx (tanhz)" = sech® z
(cothz) = —csch® (sech ) = —sechz tanh (cschx) = —cschx cothz
These can all be derived very easily straight from the definitions. Lets do one example derivative

(cosh /)" = 2\1/5(sinh V)

8.1 INTEGRATION REVIEW

Additional problems that were not done in class:

4) We first simplify the integral,

/3 dx /4 /4 secx + tanx /4 sec? x + secxtanz
I= — = secxdr = secx———dx = xdx
x/4 COS“Ttanm x/3 x/3 secx + tanx 7/3 secx + tanx

Then we can do a u-sub, u = secz + tanx = du = (sec? x + sec r tan z)dz, so
= In|secx + tan x|

/3
I = / d—u = In |u|
/4 U /4

18) Let u = \/y = du = 1/2,/y, so

1 1 1
I = 2y = 6u1n2:76u1n2:72u:72\/§
In2 In2 In2

40) Let u = 2%/? = du = 3\/zdz, then

/3 /3

=2+ V3] —In|l +V2|.
/4

2 du 2 2.4, 32
fzgfmfgta“ u= gt @)+ C



8.2 INTEGRATION BY PARTS

The modern notion of integration by parts comes from an extensive theory by Riemann and Stieltjes in
1894, soon after which Stieltjes passed away. The idea is we can integrate over certain functions instead of
just over . We can think of it as a generalization of “u-sub”.

To derive it, we consider the product rule,

d [f(@)g(@)] = f(2)g () + 9(2) ['(z) = d[f (z)g(2)] = f(x)g(z)dx + g(z) [ (z)d

= [as@) - / f@) @do+ [ g@)f @)ds = [ f@)g @)do = F)gle) - [ glo)f @)ds

This can be written in shorthand as
/udv =uv — /vdu (1)

As discussed in class we generally choose the easiest thing to integrate as dv, and the other as u. We can
use ILATE: InverseLogsAlgebraicTrigonometricExponential, to help determine which is easier to integrate.
Things get easier to integrate as we go to the right, for example, Exponentials are easier to integrate than
Trigonometric functions. But this doesn’t always work! So, only use it as a guide, not even as a rule of
thumb. Also, try to avoid using “tabular”, it doesn’t save that much time and it increases the chance of a
mistake.

Here are some problems we did in class

2 2

5) Since polynomials are easier to integrate than logs we use u = Inx = du = dz/x and dv = zdx =
1 3
=2Iln2—-[1—--]=2In2— -

v =x2/2, then
1 [? 1
- de =2In2 — =22 .
2/1 xdx n i 1 1 1
11) Let u = tan" 'y = du = dy/(1 + y?) and dv = dy = v = y, so

_ -1 ydy
I =ytan y—/1+y2

1
1= §x21nx

1

Now we use u-sub, u = 1 + y? = du = 2ydy, then
1 d 1 1
I=ytan ly— §/£ =ytan ty — §1n|u| =ytan ty — iln(l +y?) +C.
u

27) We first convert this to

/3

/3 1 /3
I= / z(sec? z — 1)dx = —5,@2 —|—/ rsec? xdx
0 0

Now, we employ by parts, u = x = du = dr and dv = sec? zdr = v = tanz,

0

72 /3 /3 smx
I =——+ztanx —/ tanxdw——f—i- \/§_/
18 0 0 cosx
Then we use u-sub, u = cosz = du = — sin zdx,
T o7 12 gy 1/2
———+f\/§—/ du_ T \f+1nu
8 3 1 U 18 1

33) Let u = (Inz)? = 2(Inx)/z and dv = zdxr = v = 2%/2, then
1
I= §m2(lna:)2 - /xlnxdw
This was already solved in problem 5, so
_ L 2 L o L o
I= 5% (Inz) 5% Inx + i +C

37) Here we don’t need by parts, we can just use u-sub, u = * = du = 423, then

1 “ 1., 71304
171/6 dufie +C’f4e +C.



39) We use only u-sub again, u = 22 + 1 = du = 2xdx, then

1 1 112 2 1 1
I= /(u — Dvudu = 3 /(u3/2 —ul/?)du = 3 {5115/2 - 3u3/1 +0 = 5(332 +1)5/2 - g(azQ +1)%2 4 C.

29) First we do a u-sub, § = Inx = df = dz/x, so v = e’ = dx = e?df. Therefore our integral becomes

I= fee sin #df. Now we can use by parts, u = sinf = du = cos0df and dv = e?df = v = €?,

I:easinﬁ—/eocosﬁdﬁ

Now we use by parts again, but remember try to avoid tabular, u = cosf = du = —sinfdf and

dv=2e%df = v=2¢? so

I=¢c"sing — [eecosﬁ—l-/eesinﬁdﬂ} =esinf — [eecosﬂ—l-l]

We notice that by doing the second by parts we get our original integral back, so now we can do
some algebra

1 1
2T = ¢?sinf — e’ cosf = I = 3 [e?sin 6 — e cos 0] = 3 [zsin(Inz) — xz cos(Inz)] .

53) I = ff:rsinxdz: —xcosx’Z—chosmdx: —xcosx+sina:|z
(a) I = —xcosx—l—sinm‘g =r=>A=n
(b) I = fxcosx+sinx|iw =-2r—m=>A=3n
(c) I= —xcosx—l—sinm‘g: =3r+2r=> A=57
(d) A=02n+)m;neZt;ie n=0,1,2,...

Additional problems (not in the book)

Ex: I = [Inzdx
Solution: Let u=Inz = du = dx/z and dv = dr = v = z. Then

I:xlnx—/xd—x:xlnzforC
x

Ex: I = ftzetdt.
Solution: Let u = t2 = du = 2tdt and dv = e'dt = v = e!. Then

I=t%"— Q/tetdt
Notice, we need to use by parts again. Let u =t = du = dt and dv = e'dt = v = e'. Then
I=t%'—2 {tet — /etdt] = t%e! — 2tet 4+ 2¢! + C.

It may be appealing to do this sort of problem using “tabular integration”, however you should avoid
using this shortcut. If you happen to use it and get it wrong on the exam you will end up losing
more points than if you just did by parts twice, and it doesn’t save you that much time.



Ex I = [sin" zdx.
Solution: This type of example won’t show up on the exam. This is purely theoretical so you
can ignore it, but if you are interested it’s a good problem to test your abstraction abilities.
Let u =sin" ' 2 = du = (n — 1)sin" % z cos xdx and dv = sinzdz = v = — cosz. Then

/sin”xdw = —coszsin” x4 (n—1) / sin" "2 z cos® xdx
= —coszsin” 'z + (n—1) / sin" 2 z(1 — sin® z)dx
= —coszsin" 'z 4 (n — 1)/sin”*2 x—(n—-1) /sin" xdx

= nsin" zdr = —cosxsin" 'z + (n — 1) / sin" "2 zdx

1 _ n—1 _
= sin"zdr = — = coszsin® ' x + sin™ 2 xdx
n n

8.3 TRIGONOMETRIC INTEGRALS

Lets first look at a few examples

Sines and Cosines.

2

9) Here we can replace the cos?z by 1 — sin® z and have a cos z left over

I= /cos3 rdr = /(1 —sin® z) cos zdx = /cosxdxf/sinQ:z:coszdx:sinxf/sin%ccosmdx
Then we can use u-sub, u = sinz = du = cos zdx,
3 2 : 1 3 . 1 .. 3
I =sinz — udu:smaﬁ—§u +C’:smx—§sm z+C

11) For this problem we can either substitute for cos? z or sin? z, lets go with sine because it produces
a positive derivative for the u-sub,

I= /sin3 z(1 — sin® z) cos xdx = /(Sin3 x — sin® ) cos xdx
Then we have u = sinz = du = cos zdz, then

1 1 1 1
I:/(us—u5)duziu4—6u6+02 Zsin4x—gsin6x+0

17) Here we don’t have a mix of sine and cosine, so we need to use a different identity. How about
sin® 2 = (1 — cos 22),

1

2
8/ |:2(1—COSQ$):| dm=2/ (1—2cos2x+6082x)dx:2/ [1—2cos2x+2(1+cos4x) dx
0 0 0

s

1
2 §as—sir123:+fsin4x =37
2 8 0



Strategies for [ sin™ x cos™ zdx

(1) If the power of the cosine term is odd (i.e. n = 2k + 1), save one cosine factor and use cos? r =

1 —sin? T,
/Sinm zcos?*H gda = /sinm z(cos? z)* cos xdx = /sinm z(1 — sin® )* cos zdx (2)

Then substitute v = sinx = du = cos zdx.
(2) If the power of the sine term is odd (i.e. m = 2k + 1), save one sine factor and use sin®z =

1 —cos? z,
/sin%Jrl zcos" xdr = /(sin2 ) cos™ xdx = /(1 — cos? z)¥ cos™ x sin zdx (3)
Then substitute v = cosz = du = —sinzdx
(3) If the powers of both sine and cosine are even, use the double-angle formulas:
. 9 1 2 1 . 1.
sin® z = 5(1—00529@) cos x=§(1+c052x) sinz cosx = §sm2m

Tangents and Secants.

35) Methodl: We can convert this into sines and cosines and use u-sub, v = cosz = du = — sin zdz
sinz du 1 1
1= dr=— | w=-u3+C=-sec*z+C
/ cos* x ut 3 * 3 *
Method2: We can also separate out a secxtanz and do the u-sub u = secx = du =

sec z tan xdx
1 1
I= /8602 x(secz tanz)dx = /quu = gu?’ +C = 3 sec’z + C
37) Here we can substitute u = tanz = du = sec? zdr,

1 1
I:/quu:§u3+C:§tan3x+C

Strategy for [ tan™ zsec™ zdx

(1) If the power of the secant term is even (i.e. n = 2k, k > 2), save a factor of sec?z and use
sec2z =1+ tan’z,

/tanm zsec?t xdr = /tanm z(sec? )1 sec? xdx = /tanm x(1 + tan® )" sec? zdx (4)

Then substitute v = tan z = du = sec? zdx

(2) If the power of the tangent term is odd (i.e. m = 2k + 1), save a factor of secztanz and use
tan?z = sec?z — 1,

/tan%Jr1 xsec” xdx = /(tan2 z)*sec" ! xsec z tan xdr = /(se02 z — 1) sec™ ! zsec x tan zdx

Then substitute u = secx = du = sec x tan xdx

Useful Integrals
These integrals are pretty easy to derive if you forget them,

/tanxd:z::71n|cos:1:|+C:1n\secz|+C’ (5)

/secxdx:1n|secx+tanx|+0. (6)




Here are some more problems we did in class
38) Here we use u = tanx = du = sec? zdz,
1 1 1 1
1= /(1 + tan? z) tan? x sec? zdr = /(u2 + ut)du = gu?’ + 5u5 +C = gtan3x+ gtan5m +C

19) Here we use our double angle formulas
1 1 1
I= 16/ [2(1 — cos 2:10)] [2(1 + cos 23:)] dx = 4/(1 — cos? 2x)dx = 4 — 4/ 5(1 + cosdz)dx

1 1
:4x—2x—isin4x+C=2x—§sin4x+C’.

65) We use by parts u = tan? 2z = du = 2tanzsec? zdr and dv = sinxzdx = v = —cosx
sinx 1 sinx
I:/sinxtaandz:—cosxtaan—Q 5 dx:—cosztanQ:E—2/ 5 dx
COST COS? T cos? x
Then we use u-sub, u = cosz = du = — sinzdx,

du
I:—cosxtan2x+2/—2 = _—cosxtan’z —2u" '+ C = —cosztan®z — 2secz + C.

U

67) Here we use our double angle formula

1 x x?
I/x|:2(10082x):| dxf/(§f:c0052x) dx—zf/:CCOSQCEdf

Now we use by parts, u = x = du = dx and dv = cos 2zdx = v = %sin 2x
4 2 2
Additional problems (not in the book)
Ex: I = [sin®zcos? zdx
Solution: We substitute for sine until there is only one left,

2 1 2 1
I:x——£sin2x+§/sin2xdx:%—fsin2x—1(3082x+0

I= /(Sin2 x)? cos? x sin xdr = /(1 — cos® x)? cos® x sin zdx
Then we do u-sub, u = cosxz = du = — sin xdz,
.5 2 22, 2 L, 25 15 L o3 2 5 L7
sin® x cos” xdxr = — [ (1 —u)"u du:fgu +gu f?u +C:f§cos x+gcos $7?COS x+C

Ex: I = [ sin®adx
Solution: Again, we use the double angle identity,

T 1 (" 1 1 T
I:/ sinzxdx:f/ (1 —cos2x)dx = |= |z — = sin 2z —_
) 2 J; 2 2 . 2

Ex: I = [tan®zsec! zdx
Solution: We substitute in sec
u=tanz = du = sec? zdz

2 2

x = 1+ tan? = until a single sec? z is left. Then we substitute

1 1 1
I= /tan6 z(1 + tan® z) sec? zdx = /u6(1 +u)du = —u" + ~u’ + C = —tan” x + §tan9:v +C

Ex: [ tan® 6 sec” 6d6.

Solution: Here we substitute tan? z = sec?

x — 1 until a single sec z tan z remains
I= /tan4 0 sec® O(sec 0 tan 0)df = /(sec2 0 — 1)%sec® O(sec O tan 0)do
Then we use u-sub, u = sec = du = (sec  tan §)df

1 2 1 1 2 1
I:/(u271)2u6du:ﬁu117§u9+?u7+6‘: ﬁsecna:fgsechJr?seJerC



Ex: I = [tan®zdx

Solution: We use the identity tan? z = sec?

z—1, and v = tanz = du = sec? zdz
1
I:/tanm(sec2x—1)dx: itan2x+1n|cosx|+0

Ex: I = sec® zdx
Solution: We integrate by parts with © = secz = du = secrtanzdxr and dv = sec’z = v =
tan x, then

I:secgz,’tamac—/secxtan2 xdw:seca:tanx—/secx(seCQx— l)dm:secxtana:—/sec3xda:+/secxdx
:secxtanm—/sec3xdm+1n|secx+tanx| =secxtanx + In|secx + tanx| — [

1
= /sechda: =3 [secztanz + In|secz + tanz|] + C



