MATH 112 RAHMAN Week6

8.4 TRIGONOMETRIC SUBSTITUTION
Let’s begin with an example,

7) If we pull out a 5 the expression looks a lot like 1 — sin?# = cos? 6, so lets use the substitution
t=5sinf = dt = 5cos 6db,

1= / (\/ 25 — 25 sin? 9) 5cos 0df = 25/ (\/ 1 — sin? 9) cos 0df = 25/ (v cos? 9) cos 0df = 25 / cos® 6db

25 25 1 25 25 t ot
=5 (14 cos26)do = 5 [04— 2sin20] +C= 5 [0 +sinfcosf] + C = ?sin’1 E + 5\/25 -2+ C.
The tricky part is going from 6 to . We see that since z = 5sinf, cosf = %\/ 25 — 25sin’ 0 =

%\/ 25 — t2. We should also use right triangles to help us out.

Let us employ a table of trigonometric substitutions that will help us with the decision making process

Expression Substitution Identity
a? — x? r=asinf, —7/2<0<7/2 1 —sin?60 = cos? 0
a? + x? x=atanf, —w/2 <0 < 7/2 1+ tan? 6 = sec? 0
x2 —a? x=asech, 0<O<7/2, m<0<37m/2 sec2f =1—tan?¥0

Here are some problems we did in class

29) For this we use z = } tan = dz = 3 sec? 0df. Then we get

4 sec? 1
I= / dsec 6df_ 4/(:052 0do = 2/(1+cos 20)df = 2 [9 + 3 sin 29] 4C = 2[0+sin § cos 0]+C = 2tan™ ' (2x)+ +C.

x
(sec?0)? 1+ 422

35) First we do a u-sub u = €' = du = e'dt to get [ = f14 du/vu? +9. Then we use u = 3tan = du =
3sec? 0db,

4 20 1
]:/ Sec0d9=1n|tan0+sec€\=1n|§—|—§\/9+u2|
1

sec

4
=In 9
1 1

+v10

39) Here we use x = sec = dx = secd tan 6df,

[ / secftanfd) [ tan0
) secOvsec2h—1 ) tand

43) Here we do something slightly different, 22 = tan = 2zdx = sec? 0df,

s 1 sec? 0do 1 / sec2f 1

1
=- | ———==- [ —— = -In|tan¥ | +C = Slnfa? +V1+22 +C.
2) V1+4tan20 2. sec 2 nftan + secf] + 2 nlzt Vit aty



Here are some additional problems that are not in the book,

Ex: [ = [ Y524y,
Solution: This is of the form of the first case, so we use x = 3sinf = dx = 3 cos 6db,

2
I_/\/Q 9sin’ 0 089d0:/9cos 0

d0—/c0t29d0:/(csc20—1)d0=—cot9—9+C.
9sin? 0 9sin? 9

Now we must plug back in for 4. Since z = 3sinf, sinf = x/3, and we recall that sine is opposite
over hypotenuse and cotangent is adjacent over opposite. We may denote the opposite side as  and
the hypotenuse as 3, then by the Pythagorean theorem the adjacent side is /9 — x2. This gives us,

cotf =9 — z?/x, then

EXZIZIWiﬁ

Solution: This is of the form of the second case, so we substitute © = 2tan = dz = 2sec? db,

_/ 2 sec” 0do _1/ sec d@_l/cosﬁde
) 4tan?60V4tanZ0+4 4 tan20 4 ) sin?6
We solve this via u-sub with v = sin = du = cos 6d0,

du 1 1
I: =——+C=——"+C
4 ) u? 4u+ sin9+

Since x = 2tan6, sinf = z/vx? + 4, then

244
=Y+t eo
4z
Ex: [ = f zdv
V244

Solution: Thought we had to use a trig substitution didn’t ya? NOPE! U-Sub! Let u =
22 + 4 = du = 2zdzx,

I= f_\F-‘rC Va2 +4+C.

This problem shows us that if we take a few seconds to think about a problem we can find a much
easier solution.

) d
. f \/ﬁ.
Solution: This is of the form of the third case, so we substitute x = asec = dx = asecftanf.

I*/ asec  tan 6d0 B asec f tan 6d0

25020 — a2 atand /Secedﬂ—ln\sec0+tan9|+c

Since x = asecl, tanf = v/x2 — a?/a, then

T 2 — a?

+C

a a

Notice a cosh z is an equivalent way to do the problem, but not the preferred method for the exams.



3
Ex: f03\/§/2 ﬁ
Solution: This is of the form of the second case, but here we have a coefficient in front of the
x term. We can either pull the 4 out and then start our calculations or we can see what x has to
be with the 4 there. It’s much easier to come up with a substitution for x that produces a desired
result than to pull the coefficient out. Notice that we need the coefficient in front of the tan? term
(after substitution of course) to be 9, so we have that 422 = 9tan® 6, then x = (3/2) tan = dx =

(3/2) sec? 0db,
7= 3 4/”/3 tan® @ sec? 0d0 3 4/”/3tan3esec29d9_3/”/3tan30d9
\2/) Jo (9tan?64+9)3/2  \2/) J, 3Bsec3d 16 J,  sech
w/3 i3 w/3 1 _ 2
:i sin” 6 :i/ 1 — cos osin9d0
16 J,  cos?d 16 J, cos 6
This is our usual trig integral where u = cos 6 = du = —sin 6d#),
1/2 1 _ 2 1/2
O P A B A I
16 J; u? 16 ul, 32

Ex: I = f %
3—2x—x
Solution: This one is going to take a bit of ingenuity. Lets tinker with 3—2z—22 = 3— (22+22).
Notice we can get a perfect square if we add a 1 to 22 + 2z, but if we add a 1 we must also subtract

al,so3—2r—22=3—-(22+2x+1)+1=4—(x+1)% Now, let u = x + 1 = du = dz, then

This is precisely the form of the first case, so we substitute u = 2sin 6 = du = 2 cos 0df

I = M?cos@d@:/w2cosed9=—2COS€—9+C
N7eresr 20050

Since u = 2sin6, 2cosf = V4 — u2, so

1
I:—\/4—u2—sin_1g—|—C:\/3—2x—x2—sin_1%+c.

8.5 INTEGRATION OF RATIONAL FUNCTIONS BY PARTIAL FRACTIONS

This is an algebraic trick, not calculus. We can see this in two simple examples
2x 1 " 1 B 2 1 1
= X: = —

2-1 z-1 z+1 2—-1 x-1 =x+1

From this point we will consider integrals of the type

[t@dn @ =

We can think of four different cases that we can split into partial fractions.

Ex:

where P and ) are polynomials. (1)

Case 1
Suppose @ is a product of distinct linear factors, i.e. @ = (a1 + b1)(asz + ba) - - - (axx + bg). Then,
P A A A
() _ LR 2 Ly 2)
Q(x) axz+by  asx+by arT + by

Here is an example of the first case



11) We can split the fraction as follows
r+4 A B  Ar— A+ Bx+6B r+4

(z+6)(z - 1) x+6+x—17 (x+6)(x—1) *(m+6)(x_1):>(A+B)x+(GBfA):x+4

Matching terms givesus A+ B =1and —A+ 6B =4, then TB=5= B =5/7= A =2/7. Then
the integral becomes

dx 5 dx 2 5
I=- | —+=- | — =21 =1 -1 )
7/w+6+7/w—1 7n\m+6|+7n|z |+ C

Now lets look nondistinct linear factors, for example

3)
r+4 x4l n 3 1 n 3
(z+1)2 (@+1)2 (z+1)2 2+1 (z+1)%
We notice that we can’t fully separate this.
Case 2
Suppose @ is a product of linear factors, some of which are repeated. Then the repeated factors are
of the form Pa) Pa) A A A
x T 1 2 r
= = + + e + _— 3
Q(z) (ax+b)" (ax+b) (ax+b)? (ax + b)" 3)

Here is an example of Case 2.

19) We can split the fractions as follows

A B C D
x—1+(x—1)2+x+1+(x+1)2
Az - D(z+1)?*+Blx+1)* +Clz+1)(z — 1)* + D(x — 1)*

=(A+0)2*+(A+B—-C+D)2* +(-A+2B—-C—-2D)x+ (-A+B+C+D)=1

Matching terms gives us A+ C=0=>A=-C,so B=D=B=C,then4C=1=C=1/4=
B =D = —A. Then our integral becomes

1 dx 1 dxr 1 dx 1 dz 1 1 1 1
[=—> [ & = h - = Tlnje—1—=(z—1)" 4> In|zt1|— - (z+1)"
4/x—1+4/(x—1)2+4/w+1+4(a:+1)2 g == =) g Infet =2 (1) 7 +C

We can also have quadratic factors

Case 3

Suppose @ is a product of quadratic factors with no repeats; i.e. Q = (a2 + b1z + ¢1)(azx? + box +
c2) -+ (arpx® + byw + cy), then

P(z) _ P(z)
Q(z)  (a122 + bz + c1)(a22? + box + c2) - - - (apa? + bz + cx) )
A1$+B1 A2:17+BQ Ak$+Bk
M+ b+ g agr+box +co | apz® 4 bpr +cp

Lets look at the following example,
Ex:

T A Bx+C Dz+FE

G- 2@+ D214 z-2 241 244
= A(? +1)(2* +4) + (B + C)(z — 2)(2® +4) + (Dx + F)(x — 2)(2® +4) = 2.

Here is an example of Case 3,




27) After factoring we get (2 — 2 +2)/(z — 1)(2% + 2 + 1). Then we can split this up
A Bx+C

2 1) — 2 2 _ _
x—1+m2+x+1:>A(x +z+1)+(Bz+C)xa—1)=Ax"+z+1)+ (Bz* — Bz +Cz - C)

=(A+B)2*+(A-B+C)x+(A-C)=2% -z +2
Matching terms givesus A+ B=1, A—-B+(C=-1,A-C=2,302A+C=0=24=-C=
A=2/3=C=-4/3= B =1/3, then
2 1 —4 2 1 1/2 1 2
I:,/ dz +,/M:,ln,x_”+,/w_,/m_
z—1 3) 224z+1 3 3) 22+zxz+1 3) 224+z+1

But now we have to use u-sub on the second integral and use a clever algebraic trick on the third.
For the first u-sub we have u; = 22 + 2+ 1 = du; = (22 + 1)dx = (z + 1/2)dz = du/2, which gives
us

Lfdu 3 du
6/ w 2(x+1/2)2+3/4
Now we employ another u-sub, us =z + 1/2 = duy = dz,

2
I=Zlz—1
“infe 1]+

2 1 3 dx 2 1 dzx
I=Zllz—14+-In|l®+z+1|-=———=Zlnjlz -1+ -In|l?+2+1| - 2———MM8Mm——
3 1nl [+ 5l | 2u3+3/4 3 | [+l | (2u2/V3)2 + 1
Thenv:QUQ/\/gédv:QduQ/\/g,
2 1 d 2 1 2
I:§1n|z71|+61n|a72+x+1|7\/§(v2%:§1n|xfl|+61n|x2+x+l|f\/§tan*1 <\/§(z+1/2)>+C.

Finally, we can have nondistinct quadratic factors

Case 4
Suppose @ is a product of factors that include repeated quadratic terms. Then the repeated quadratic
factors will be of the form
P P Aix+ B Asx + B Arx + B,
(=) _ (x) __Aw+B | AedB . Aw+ B 5)

Q(x) (az?+bx+c)" ax?4+br+c (ax?+bx+c)? (az? + bx + )"’

An example of this is
Ex:
2422 +1 A B Cx+ D Fx+F Gx+H Iz +J
x(m—l)(w2+x+1)(;v2+1)3:;+x—1+x2+x+1 z2+1  (22+1)2  (22+1)%
Here is an example of Case 4
23) We break up the fraction as follows
Ay+B Cy+D
y+1 (P +1)?
Then we get A=0,C=2,B=1,and D=0
I:/dejJ_l +/ (yfzfli)z :tan*1y+/i—g =tan 'y —u '+ C =tan"ly— ?ﬂlﬁ+0.
We can also have situations where we need to do long division — if the numerator is of a higher or equal
order than the denominator.

33)

= (Ay+B) >+ 1)+ Cy+D=Ay* + B> + (A+C)ly+ (B+ D) =¢> + 2y + 1.

223 — 222 + 1 1
—— =27+
22—z 2 —

Then our integral becomes

1 d d
I:/(2x+ 5 )d:z::z2+/ i ——z:z2+ln|x—1\—1n|x\—|—C.
T - r—1 =

We may also have to do u-sub before we can use partial fractions



39) Let z = e' = dz = e'dt, then
dx dx dx dx
1= = = | —- =1 1]-1 2/4+C = In(e'+1)—In(e'+2)+C.
/m2+3x+2 /(x—i—?)(x—i—l) /x—i—l /x—|—2 n|z+1|-In|z+2+ n(e'+1)—In(e'+2)+
Now lets look at some additional problems not in the book,
Ex: I={ m3+rdx,

r—1
Solution: By long division we get,

2 1 1
I:/ P +r+2+——|dv=c2*+ -2 + 22+ 2|z — 1|+ C. (6)
xz—1 3 2
Ex: Convert s5+2=1_ into partial fracti
: PP B partial fractions.

Solution: First we factor out the denominator, then split the fractions

22 +2x—1 A B C
+—.
T+ 2

2 —D(@+2) =  2w—1

Then
A2z —1)(z+2) + Ba(x +2) +Cz(2x —1) = (2A+ B+2C)2* + 3A+2B - C)x —2A =2 + 2z — 1

Matching coefficients gives us A = 1/2, then B+2C =0= B =-2C=C=-1/10= B =1/5.
Ex: [ = [ &2 bt gy
Solution: We first use long division and then factor the denominator

2t =23 +4x +1 B 4x 4x 4z

= 1 = 1 = 14—
2w —x?2—z+1 v +m3—x2—x—|—1 v +x2(x—1)—(x—l) v +(x—1)2(x—|—1)

Then we split up the fraction
4x 4z A B C
B2 —z+1 (x —1)2(x+1) Tr-1 + (x —1)2 +x—|—1
which gives us
Az -1+ 1) +B@+1)+Cx-1)*=(A+C)2* + (B-20)z+ (-A+ B+ C) =4z

Then we get C = —A = B =-2C,and C = -1, A= 1, B = 2. Our integral becomes

I / IS W N L o= b1 = —2 e+ 140
= - = — nlx—1 - —— —1In
“ v 1 (x-12 z+1)%T TR z—1

Ex: I = f72z271+4

34
Solution: Splitting the fractions gives us

2x27x+47A Bx+C
r(x2+1) = 2241
Then we get A =4, C = —1 and B = —2. Our integral becomes

1 xz-1 xdx dx 1 9 1 1
I:/<x+m2+4>dx:1nm|+/x2+4—/x2+4:ln|x|+2ln|x —|—4|—§tan (x/2) + C.

= A(z*+ 1)+ B2? + Cr = (A+ B)2? + Oz + A=22% — 2 + 4

. _ 1—9;+2m2—;E3
Ex: I = BETCEEs R

Solution: Splitting the fractions gives us
A Bx+C Dzx+FE

2 2 2 2
~+ Z+1 @2 =A(z+1)°+ (Bx + C)x(z” + 1) + Dz* + Ex

=(A+B)2*+02°+(2A+B+D)2* + (C+E)x+ A= —2* +22% — 2 + 1.
Then we get A=1, B=—-1,C =-1, D =1, E =0, then our integral becomes

1 z+1 T 1 9 1 1
I=[(=- dr =Inlz| — =1 1 -t SR B—YG)
/(x x2+1+(m2—|—1)2> = lnfe] = gnje” +1] —tan " - 5oy +0

Here are a couple of more problems that uses clever algebra




Ex: I:f@dm

z2—4x+3
Solution: We first do long division
4x2—3x+2_1+ rz—1
42 —4dx +3 422 —4x +3
Notice that the denominator cannot be factored because its discriminant is b? — dac = —32 < 0.

Recall that we can only factor quadratic polynomials whose discriminant is greater than or equal to
zero. However we can complete the square on 422 — 4z,

r—1 z—1
I—x—i—/iﬂ_4x+3dx—x+/7(2x_1)2+2dx

We completed the square as follows

2
1 1
4x2—4x=4(x2—x):4<x2—m+4>—1=4<x2—2> —1=(22-1) 1.

Now we use u-sub where u = 2z — 1 = du = 2dz, then

1 u—1 1 udu 1 du 1 1
I= ~ | ———dx = - —— = —In|u® 42| — —=tan~* 2
x+4/u2+2x m+4/u2+2 4/u2+2 x—|—8n|u+ | WG an (u/\[)—i—C

=x+ éln|(2m ~-1)%+2| - 4\i@tan*l(@xf N/V2)+C

Ex: I = f—”j"lda:.
Solution: We first use u-sub, 2 = 2 + 4 = 2udu = dz,

u?du 4 4 du du
I1=2 ) ——=2 1+ —— |du=2 2 | —————du=2 2 2
/u2_4 /< Jru2_4> u= st /(u—2)(u+2) u= s /u—2jL /u—|—2
=2u+2Inju—2|-2Inju+2/+C=2vVer+4+2InjvVe+4-2[-2In|Ve+4+2|+C

8.7 NUMERICAL INTEGRATION

I will show three methods for solving integrals numerically. Note: midpoint rule isn’t in the book, and
therefore won’t be on the exam.

Midpoint rule:

b
* * * * 1 b—a
/ f(@)de = Ax[f(21) + f(@3) + -+ flan)]; 27 = 5(@i + 2iga), Aw = — (7)
Where n is the number of intervals or equivalently the number of “steps”.
K(b — a)3 "
Error bound: |Ey| < —————;|f"(¢)| < K, & € [a, b)]. (8)

24n?
Where |f”(£)] is just the maximum of the second derivative in [a, b].

Ex: Consider the integral I = 12 df We note that the exact value of this integral is [ = In2 ~ .693147.
(a) Approximate the integral via Midpoint rule with n = 5 steps.
Solution: Here a = 1, b = 2, so Az = 1/5. Also, clearly z; = a + iAz, so 29 = a = 1,
1 =12, 29 =14, 23 =16, x4 = 1.8, and 25 = b = 2, so z] = 1.1, 25 = 1.3, =5 = 1.5,
x; = 1.7, xf = 1.9. Then plugging this into the formula gives,
1171 1 1 1 1
“ylti st is Ty Tog) TN



(b) Find the error bound for this approximation.
Solution: Notice that b —a =1 and n = 5. Now we find K. To do this we take the second
derivative f”(z) = 2/x3. We notice that in [1,2] this is largest at £ = 1, so f”(£) = 2. So, we
choose K = 2. Plugging these into the formula gives,

Kb-a® 2:1 1
24n?  24-25 300
(¢) Find the smallest n that guarantees |Ejs| < 0.0001.

Solution: This is a far more interesting problem. We start with the formula and put in the
quantities we know,

|Enp| <

Kb—-a)* 1 ~
24n2  12n2 -

< 0.0001 = n?

1 1
> =0 > —
— 0.0012 ~ 4/0.0012

So, we need n = 29.

Trapezoid rule:

b
/.ﬂmmmz%ﬁvww+af@o+af@ﬁ+~~+af@n4>+f@@kAx: % = atibe. (9)

Where n is the number of intervals or equivalently the number of “steps”.

— )
RO -9 e < ke elab] (10)

Where |f”(£)] is just the maximum of the second derivative in [a, b].

Error bound: |Ep| <

Ex: Take the same integral as in the Midpoint rule example, and answer the same exact questions.
(a) We already have the quantities we need from the Midpoint rule example, so we just plug those
into the Trapezoid rule formula,
1 1

I~ —|1+4+2 +2

1 1 1 1
—+2 2— 4+ | =.
10 1.2 14 + + 095635

618 2

(b) For the error bound the difference between trapezoid rule and midpoint rule is a factor of 2, so
plugging into the formula gives |Er| < 1/150.

(c) We have the same quantities here, so we get n > 40.8 = n = 41.

Simpson’s rule:

b
/ f(@)dx ~ %[f(a:o)+4f(x1)+2f(xg)+~ A f (1)t f(zn)]; Az = b_Ta,n > 4 and must be even.

(11)
Where n is the number of intervals or equivalently the number of “steps”.
K(b — a)5 (4)
—_ <K b]. 12
i VO < K€ € fab] (12)

Where | f®*)(€)| is just the maximum of the fourth derivative in [a, b].

Error bound: |Eg| <

Ex: Consider the same integral as the previous two examples.
(a) Approximate this integral with n = 10 steps.
Solution: Here Az = 1/10, and zg = 1, 1 = 1.1, 29 = 1.2, 25 = 1.3, x4 = 1.4, x5 = 1.5,
re = 1.6, x7 = 1.7, xg = 1.8, xg = 1.9, and x19 = 2. Plugging these into the formula gives,

S
30

1 1 1 1 1 1 1 1 1 1
1+4H+2E+4r3+2ﬁ+475+21—.6+4ﬁ+21—.8+4ﬁ+§ ~ 0.693150

I =~



(b) Find the smallest n that guarantees |Fg| < 0.0001.
Solution: We have most of the quantities, so we must only look for K. Taking the fourth

derivative gives f(¥)(z) = 24/xz°. We see that this is largest at & = 1 for our interval, so
f(4)(§) = 24, hence we choose K = 24. Plugging these into the formula gives

|Es| < 21 _ 0.0001 =n'> 24 =n > 24 v 6.04
1= 180 ~ 180(0.0001) — \180(0.0001)

nt —

So we have n = 8 because we need an even n.

8.8 IMPROPER INTEGRALS

Improper integrals are integrals that may blow up. This poses a question, what is infinity and how do we

deal with it? Consider the following example
Ex: floo dx/x?. We know how to integrate this for a finite interval, so why don’t we do that and then

take the limit to infinity.
t

/ooda: . dx -1
— = lim —2211m—
1

$2 t—o00 1 X t—oo X 1
We have two cases of improper integrals. One where the interval is infinite and another where the interval

is finite but the integrand has a discontinuity.

Case 1: Infinite Intervals
t o] t
a) If / f(z)dz exists for all ¢ > a, then / f(z)dx = tlim / f(x)dx
a a -0 a

b b b
b) If / f(x)dx exists for all ¢ < b, then / flz)dx = . lim / f(x)dx.
t —o0 TRt

Definition 1. If f:o f(z)dz and f_boo f(z)dz are convergent if the limit exists, and divergent if the limit

does not exist.

c) If /OO f(x)dx and /a f(x)dx are convergent, /OO f(z)dz = /a flx)dx + /OO f(z)dx.

— 00

Here are some examples we did in class

Ex:
* dx . tdx . t .
— = lim — = lim ln|x|’ = lim In|t| = 00
. T t—oo J; T t—so0 e

So the integral diverges.

1)

t

I:tlgrolo o L+a2 t-ooo

So the integral converges.
9)

I =— lim
2 t——o0 t——o0
| 1 1 141 1
=5 Jim [mwm’”} — = fim [ln3+ln'1jlxu = 513,

t—00 t—1 o 2 t—oo

r—1 r+1

-2 -2
dx dx 1 .. 2 1
[/t f/t ] 3 lim [In|z —1| —Injz+ 1], fitilznoo[ln3fln|t—1|+1n|t+1|]



13)

0 t

=
241,

. 1 1
B SR R e

-1 O oxdx /t 2xdx . -1
= lim = lim
A ) @ e ) @ Sl

Ex: For what values of p is the integral ffo dx/xP convergent?
Solution: Lets first look at p # 1. We can integrate and then deal with the two cases when we

take the limit.
b 1 1
= lim — |— —1].
t—oo 1 — tp—1

[e'e) d t —p+1
/ & lim ¢ Pdz = lim <
;. aP t—oo Jq t—oo —p + 1
Ifp>1,p—1>0,then as t = oo, tP~1 = o0, so 1/75”_1 — 0, therefore floo dx/xzP =1/(p — 1), and
hence it converges. If p < 1, p—1 < 0, s0 as t — oo, 1/tP~1 = t17P — oo, therefore the integral
diverges. And we know for p = 1, the integral diverges from a previous example.

We have just proved a theorem, which is stated below
Theorem 1 (p-test). Consider floo dx/xP. If p > 1, the integral converges to 1/(p—1), otherwise it diverges.

Now, we move on to the second case, which is the case of finite intervals where the integrand has a
discontinuity.

Case 2: Integrands with Discontinuities

b ¢
a) If f is continuous in [a,b) and discontinuous at x = b, then / f(x)dz = lirl? / f(z)dx
t—b—
b b
b) If f is continuous in (a,b] and discontinous at x = a, then/ f(z)dx = lim+/ f(z)dz
a t—a t

Definition 2. The integral fab f(z)dz is said to be convergent if the limit exists, and divergent if the
limit does not exist.

c) If f has a discontinuity at ¢ € [a,b] and / f(x)dx and / f(x)dx both converge,

then/f d:z:f/f d:z:+/f

21)
0

0 0
= lim —ﬁég(—i-/—l:l
t——o0

/ 0e’dh = hm 9€9d9 =0e’ — e + 1
t

So, the integral converges.
4)
t

—hm V4 —-t+2=2.

0

todr
I = lim =lim —+v4—zx

t—4 Jo 4 —x t—4

So the integral converges.
6) Here we have a discontinuity at = 0, so we need to do two different integrals

1

1
3 3 3 3
lim Y3z = lim —2?/3] =1lim - — 223 =2
t—0 J, t—0 2 t—0 2 2 2
¢ 3 44l 3
lim r713dr = lim S2%/3 = lim =t*/3 — 6 = —6
t—0 J_g t—0 2 g =02

Since both the integrals converge, I = —9/2.



. 3 dz
Ex: 0 z—1°

Solution: Notice that there is a discontinuity at x = 1, so we need to split the integral,

t

1 t
d d
/ T —lim z =limln|z —1|| =lim(ln|t—-1]-In|-1]) = -0
0 1 t=1 o to1

So this part of the integral diverges, which means the entire thing diverges. Now in class I showed
why you can’t just integrate it without taking care of the discontinuity. If you went ahead and
integrated without splitting the integral you would get the wrong answer.

Sometime we can’t integrate something, but we would still like to know the convergence. In these cases
we employ comparison tests.

Direct Comparison Test(DCT): If f, g are continuous with f > g > 0 for > a,

/ f(z)dx converges = / x)dx converges.

b) / g(x)dx diverges = / f(z)dz diverges.
a

e If the bigger one converges, so does the smaller one.
e If the smaller one diverges, so does the bigger one.

Now lets look at an integral that is impossible to solve with the techniques we know currently

Ex: fOOO e~ dr
Solution: Notice e % > e for > 1, so we can integrate this

o} t
/ e ®dr = lim [ e ®dr= lim (e ' —e ) =e"".
1

t—o00 1 t—o0

Since the bigger one converges, fooo e~ dx converges by DCT.
Next we look at a few book problems,

A7)

1 1 > dx . b
— > —— and —; converges since p > 1, so converges as well.
1 1

3 T a3 +1 3 3+ 1

35) Here we use u-sub with u = cosf = du = sin §df
/2  du
/ tan 0df = / — diverges since p = 1.
0 1 u

39) We again employ u-sub with u = 1/z = du = —1/x?

In2 o0 oo
/ e e Ve dr = / e duy=—e" = 1/In2
0 1/In2 1/In2

So the integral converges.

Limit Comparison Test(LCT): If f g are continuous and lim, ,~ f(x)/g(x) = L, then either
L% f(z)dz and [ ° g(z)dz both converge or both diverge.

We only want to use this test if it is absolutely necessary.



41) We compare to 1/1/t because sint ~ t as t — co. Taking the limit gives us

f(x) Vit . 1

lim = lim = lim =1. v
t—0 g(x) t—0 \[ t+sint t—=01+ t/\/i

This shows that our guess was correct. Now,

s
=27
0

"
Vit

So the compared integral converges, then by LCT the original integral also converges.

59) Here we will notice that e*/x > 1/, so we can simply do a direct comparison and floo dx/x diverges
since p = 1, so the original integral also diverges.

55) Here we have a cosine in the numerator, so we can bound it from both sides

=2Vt

lg 24 cosx §§
T T T

And we know that | 100 dz/x diverges, so lets us the lower bound to compare. Since f:o dx/x diverges
because p = 1, the original integral also diverges.
Now lets look at some addition examples that aren’t in the book,

Ex: f25 dz/v/x — 2.

Solution: Our discontinuity is at = 2, so

5 5
d d
/ T lim T —lim2vz — 2| = lim 2(vV3 — Vi —2) = 2V/3.
9 t—2 t t—2

xr — 2 t‘>2t T —2

So the integral converges.

Ex: fOW/Q sec zdx.
Solution: The discontinuity is at = 7/2, so

/2 t
/ secxdxr = lim seczdr = lim In|secz + tanz| |O lim In|sect+ tant| = oo
0 t—m/2 t—mw/2 t—w/2

So the integral diverges.
Ex: fol In xdzx.
Solution: Here the discontinuity is at x = 1, and we also must integrate by parts with u =
Inz = du=1/x and dv =dz = v =z,

1 1 1
/ In xdz = lim lnxdx:limxlnx‘z— dr =lim —tlnt —1+¢.
0 ¢ t—0

t—0 t t—0

We deal with the first limit using L’Hopital’s rule

lim¢lnt = lim — Int = lim 1/t
t—0 =01/t t=0 —1/12

=0.
Therefore the integral converges to fol Inxdr = —1.
Ex: [[F[(1+e7)/2]dz.
Solution Notice this integral would be a pain to evaluate, but we get a feeling that it diverges.
Now, He = > 1 pecause the exponential function is always positive. Now we know that fl dx/x
diverges because p = 1. Therefore, by DCT the original integral diverges.



Ex: floo ijldx.
Solution: Here the root gives us some difficulty in finding a direct comparison, but we can find
something that would work for limit comparison. Since the problem is in the numerator, lets divide
through by the highest power in the numerator

VoeZ+1 /14 1/22 1
o 2 T2

Now we must take the limit of the ratios to prove that this is a valid comparison

2 1 3 2 1 1
i YEEAL@R o oVert L
T—00 1/1‘2 T—00 T T—00 z2

Since this is a valid comparison, and we know floo dx/x? converges because p > 1, by LCT the

original integral also converges.

Ex: floo ﬁdm
Solution: Here the problem is with the denominator, so lets divide through by the highest

power of the denominator
r  x/Vad R YAV 1
Vid+2  Vad2/Vad 1+2/a3
Now we take the limit of the ratios
. x/Vad 42 . Va3 ) 1
llm Y———=1lm —— = lim —— =1
T — 00 ]_/\/E T—00 ‘/$3+2 t— 00 /1+2/.’L'3

Now, floo dx/+/x diverges because p < 1, so by LCT the original integral also diverges.

10.1 SEQUENCES

Sequences are just functions, except as opposed to standard functions whose domains are the real numbers,
the domain for sequences are the integers. So, we can think of them as regular functions, but we must be
careful in certain instances.

Lets quickly go thorugh a few different ways of representing a sequence,

2) {zths an =T {23 ) )
¢) {Vn—-31sa,=vn—3n>3; 0,1,v2,V3,....v/n—3,...
d) {cos B }oles an = cos %, n > 0; 1,?,%,0,...7005%,~--

An important skill to have is deriving a general formula for a sequence from looking at a few terms of the
sequence,

Ex: Find the formula for {%, —%7 %5, —&, ﬁ7 < b

Solution: The first thing we notice is that there is an alternating sign, and since the first

element (n = 1) is positive, we need to start off with an even power of —1, so (—1)"~! works. Notice

we could have also used (—1)"*!. We also notice that the denominators are respective powers of 5,

so the denominator must be 5. Now, we notice that the numerator starts with 3 and goes up by one

every time, so the numerator in n + 2, then a,, = (71)”*1”5—":?. Notice that we did this differently

than in class. This was just to show another way to do the problem, but I actually prefer the way

we did it in class.

We can also take limits of sequences, which is what we are most interested in for this class Lets take limits

of the sequences from our first example.
1
a) lim =1 b) lim (—1)"n+ =0 ¢) lim vVn—-3=o00

n—oom 4+ 1 n—00 3n n—00

2
d) lim cos “CDNE <) lim () it

n—oo n—o00 hn

0.



Just as with real valued functions we can define convergence and divergence,
Definition 3. If lim,, .- a, = L we say it is convergent, otherwise it is divergent.
Lets remind ourselves of the standard limit laws,

Theorem 2. If {a,} and {b,} are convergent sequences, then
a) lim (a, £b,) = lim a, £ lim b,
n—00 n—00 n—o00
b) lim ca, =c lim a,
n—oo n—oo
c¢) lim a,b, = (lim an) (lim bn)
n—00 n—o00 n— o0
im0 ag

d) lim &

n—=00 Op limy, o0 by,

if lim by, #0
n— oo

P
e) lim afL:[ lim } if p > Oanda, > 0.

n—00 Nn—00ay,
We also have the squeeze theorem and a very important consequence of the squeeze theorem,
Theorem 3. If a, < b, < ¢, forn > ng and lim,_ . an, = lim, . ¢, = L, then lim, , b, = L.
Theorem 4. Iflim,_, |a,| =0, then lim, o a, = 0.

Lets do a few easy examples before getting to the more difficult ones

1 1
35) Tim 20 = fim M7

n—soo N n—oo

Here is a problem that is quite a bit tougher and requires some clever algebra,
63) Because this is tricky, lets write down the first few terms of the n'* element of the sequence, a, =
% Now, we get a better idea of what’s going on. Lets factor out 1/n, since we know what
happens to that sequence. If we do this, we notice 2312

positive, and
1.2... 1/92.3--- 1
lim a, = lim S L lim (n) < lim — =0.

1"
0 Ex) lim(-1)"DNE  Ex) T Gy

n— oo n

< 1 for n > 1. Then our sequence is always

n—oo n—-oo N -M-**MN n—,oo N, nmn-m---nN n—oo n
Therefor our sequence too converges to 0.
Now lets think of what happens to the sequence {r™}. If |r| < 0, lim, oo ™ = 0. If || > 1, lim,, oo 7™ =

oo. If r =1, lim, o r™ = 1, and if r = —1 we know it doesn’t exist by a previous example. So, the series
converges for |r| < 1 and r = 1.

Monotonic Sequences. What if we couldn’t take the limit of a sequence, but we knew some properties of

the function and wanted to analyze the behavior. The following definitions and theorem will help us deal
with this.

Definition 4. A sequence a,, is called increasing (also called nondecreasing) if a,, < a,41 for all n > 1,
ie. a1 <ag <az < ---. It is called decreasing (also called nonincreasing) if a, > a,y1 for all n > 1, ie.
a1 > as > az > ---. These types of sequences are collectively called monotonic sequences.

Lets look at a few examples of monotonic sequences,

E 3 is decreasing because 3 > 5 5
X 1 T 111 U = .
n+5 & n+5 (n+1)+5 n+6
n o0 n ! 1 —n?
{n2+1}n—1 is decreasing because <n2 n 1) = Z 1) <0forn>1

Now if the sequence is bounded we can say something about its convergence.

Definition 5. A sequence a,, is said to be bounded above if there is an M such that a, < M for all n > 1,
and bounded below if there is an m such that a,, > m for all n > 1.

Theorem 5. Every (respectively) bounded monotonic sequence is convergent.



We can also have sequences where the next term depends directly on the previous term(s). These are
called recurrence relations and are of the form a,11 = f(an,an-1,...,a1). Consider the simple recurrence
relation a,y1 = (a, + 6)/2. Notice that if the limit exists, lim, oo @pt1 = lim, o0 a, = a.. Here, a, is
called a fixed point. Now we can plug this in and find the value for it, a, = %(a* +6) = a. =6.

Now lets do some problems from the book

sin®n

46) Notice limy, o0 |57

< limpyo0 37 = 0.

47) limy, o0 5 = limy, o0 ez = 0.
68)
1\" 1 In(1+1 —1/(n? 2 1
Im In{ 14+ — = lim nln {1+ — :limuzlimM:limL:Hmizl
n— oo n n— oo n n—oo 1/n n— oo 71/n2 nsoon?24+n n—oool4 1/n
54)
. 1\" . In(1-1/n)" : 1
lim ({1— — = lim e =exp | lim nln(1— —
n—oo n n—oo n—o00 n
and
In(1—-1 1/n%)/(1 -1 -1
lim u = lim (1/n7)/( /m) = lim =—-1= lim a, =e !
n— 00 l/n n— 00 —1/77,2 n—oo 1 — 1/n n—00

71) Again we use the e™ trick,
1/n
lim z = lim eM@"/Cnt))1/n) _ exp | lim lln z .
n—oo \ 2n + 1 n—00 n—o00 7, 2n+1

Then we take the limit
In(z™/(2n 4+ 1))

In(z™) — In(2n + 1) nlnz — In(2n + 1)

lim ———— = lim = lim
n—00 n n—00 n n—00 n
| —2/(2 1
= lim ne /@2n+1) = lim Inx — =Inz.
n— o0 1 n— 00 2n +1

Plugging this back in gives e®® = z.

72) Again,
1\" n 1
lim (1— =) = lim e2(-1/""" = exp | lim nln {1 —— | |.
n—oo n2 n—oo n—oo n2

Taking the limit gives us
—2/(n —n?) 2n? 2

In(1 — 1/n?
lim RO g = lim —— = lim ——— =0.
n—00 1/n n— 00 —1/n2 n—ooo 1 — n3 n— 00 1/n—n
Plugging this back in gives us e® = 1.
84) And once again,

1/n 1
lim P+ = exp [ lim —In(n? + n)]
n—o0o n—oo n

The limit gives us
In(n? 2 1 2 2 1 241
limwz lim (2n+1)/(n —i—n): lim nt = lim +1/n

=0

Plugging this back in gives us e = 1.

90) We have done a problem like this in the improper integral section. This reiterates the intimate
relationship between integrals and sequences. lim,, fln dx/xP, for p > 1 converges to 1/(p — 1).
We can see this by integrating it.



