MATH 2450 RAHMAN Week 10

12.2 DOUBLE INTEGRATION OVER GENERAL REGIONS (CONTINUED)

Ex: [[aydA where D is bounded by y =z — 1 and y* = 2z + 6.
D

Again, we have two choices, but which is better?

Notice that in the z-direction it is a pure function of y; i.e., we don’t have any risk of having to split the
interval.

Solution:
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Ex: Find the volume of the tetrahedron bounded by z + 2y + 2z = 2,
r=2y, r=2=0. ; X =2y,y=x?2

Errata: in section 23 I used the triangle for y = 0 instead of x = 0,
and in section 12 I should have used functions of x not y. Here is the
correct version, and lets think about it in terms vertical or horizontal
cross-sections. X2 2-2yy=1-x2
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If we sketch it we notice that we get a natural upper and lower limit ‘ ‘ ‘
for the boundary if we take vertical slices; whereas if we take horizontal -+ 05 0o 05 1 15 2
slices we need to split the integral. I will show both ways here.

and



V

/ 2—x—2ydxdy—|—/ / (2 —z — 2y)dzdy
1/2 J0

2y 1 1 2-2%
2x — IIC — Qxy] dy + / [235 — —2? - 2.7:y] dy
0 1/2 2 0

I
16

1

o
[4y——4y —2(2y) }der/

/ 5 22 -2) - 52 - 20 - 202~ 200y

1/2 1 5 1 ;
1/2
/ [4y — 6y’ dy + / [20® — 4y +2] dy = [20° — 2%] " + {gy?’ — 27 + 2y} =
0 1/2 12

Ex: fo fx sin(y?)dydx

Solution: Notice that this is a nasty integral. Lets reverse it by writing the domain of the integral and
then writing the equivalent domain if we reverse it.

D={(z.yl0<z<lz<y<l}={(zy[0<y<10<z<y}

/01 /: sin(y?)dydx = /01 /Oy sin(y?)dxdy = /01 E sin(yQ)}gdy

= /0 ysin(y?)dy = —% cos(y?)| = %(1 —cos(1)).

0

12.3 DOUBLE INTEGRALS IN POLAR COORDINATES

Recall 72 = 22 4+ 92, x = rcosf, and y = rsinf. In class we derived the area element dA = rdrdf, which
comes from the length of one arc of a circle. What we need to remember is If [ is continuous on a polar
rectangle R given by 0 < a <r <b, and a < 6 < 3, where 0 < g — a < 27, then

- B b
// f(z,y)dA = / / f(rcosf,rsin@)rdrdd. (1)
n (6% a



Ex: [[ Xp(3z + 4y?)dA where R is bounded by z? + y* = 1 and 2? + y* = 4 in the upper zy-plane.
Solution: Our region will be

R={(x,y)ly > 0,1 < 2?4972 <4} ={(r,0)1 <r<20<60 <}

then the integral is
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/ / (3r cos @ + 4r? sin® ) rdrdf = / / (3r% cos 6§ + 4r® sin® §) drdf = / [® cos 6 + r* sin” 0] Zj do
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Ex: Find the volume of a solid bounded by z = 0 and z = 1 — 2% — ¢%.
Solution:

2r ol 27 1 1 1 1 P
V= / / (1 —7*)rdrdd = / d9/ (r —r3)dr =27 {—72 — —7’4} = .
o Jo 0 0 2 41, 12

Just like in rectangular, we can have boundaries that are functions. If f is continuous on
D ={(r,0)|a <0 <8, hi(0) <r < hy(0)} (2)

then

e 3 ~113<9)
// f(z,y)dA = / / f(rcos@,rsin)rdrdd. (3)
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Ex: Find the area enclosed by one loop of r = cos .

Solution: To get one loop we would need two consecutive angles where r = 0.
Dz{(r,@)\—%ﬁ@ﬁ%,Ogrgcos%}

then the integral becomes
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Ex: Find the volume of the solid that lies under the paraboloid z = 22 +y?2, above the xy-plane, and inside
the cylinder a2 + y? = 2x.
Solution: Lets convert everything into polar first: f(r,0) = 72, 2* + y*> = 2z = r* = 2rcos 0 at
the boundary. Then

D={(r0)|—=<6< 0 <r <2cosb}.
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Then the integral becomes
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12.4 SURFACE AREA

The surface area is derived similarly to arc length, and therefore have similar formulas. If z = f(z,y),

a- ff

[+ [+ 1dA. (4)

Ex: Find the surface area of z = 22 + 2y that lies above the triangular region 7" in the xy-plane with
vertices (0,0), (1,0), (1,1).
Solution: The region can be written as
T={(z,y)0<x<1,0<y<z}

Then

1 x 1
SA = / / Vdx? + bdydr = / xVax? + bdx =
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Ex: Find the area of the part of the paraboloid z = 2% 4 2 that lies under the plane z = 9.
Solution:  The boundary of intersection will be 2* +3* = 9 = r> =9, and \/f2+ f2+1 =

VA2 +4y? + 1 = V4r?2 + 1, then

2m 3 2w 3 I 2 ’
SA+/ / \/Wrdrdez/ d9/ V1+drirdr = 27 {§-§(1+4r2)3/2] = | S(BTVET - 1|
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12.5 TRIPLE INTEGRALS

This works just like double and single integrals, so lets skip the B.S. and get straight to doing problems.
Ex: Evaluate the triple integral [[[ zyz?dV where B is the rectangular box
B

B={(z,y,2)[0<2x<1,-1<y<20<z<3}
Solution: We simply integrate to get
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Ex: Evaluate [[[ 2dV, where E is the solid tetrahedron bounded by the four planes # = y = z = 0 and
o

DY

1|

0

r+y+z=1
Solution: For this one it may be a good idea to sketch it first. We let y = 2 = 0 to get the bounds
for x, and let z = 0 to get the bounds for y,

E={(z,9,2)[0<2<1,0<y<1—-2,0<z<1-—2z—y}
Then
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/// 2dV = / /Ol_x/ zdzdydx = / / [—} dydx = —/ / (1 —x —y)*dydz
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Ex: Evaluate [[[ a2 + 22dV, where E is the region bounded by the paraboloid y = z* + 2% and y = 4.
E

Solution: Notice that the y limits are already given and the Kernel of the integral doesn’t have
y in it, so lets do that integral first.

/// VaZ 4 22dV = // {/;HQ Va2 +z2dy] dA = //(4 — 22 — 22)Va? 4 22dA.

What are some ideas to make that integral easier?
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