
Math 2450 Rahman Week 14

13.7 Divergence theorem

The divergence theorem takes Stoke’s theorem to surface integrals.

Theorem 1. Let E be a simple solid region and let S be the boundary of E, with positive orientation. Let F
be a vector field whose component functions have continuous partial derivatives on an open region containing
E. Then ∫∫

S

F · dS =

∫∫∫
E

∇ · FdV. (1)

Ex: Find the flux of the vector field F (x, y, z) = ẑı + ŷ + xk̂ over the unit sphere x2 + y2 + z2 = 1.
Solution:∫∫

S

F · dS =

∫∫∫
B

∇ · FdV =

∫∫∫
B

dV =

∫ π

0

∫ 2π

0

∫ 1

0

ρ2 sinφdρdθdφ =
4

3
π .

Ex: Evaluate
∫∫
S

F · dS where F (x, y, z) = xŷı +
(
y2 + exz

2
)

̂ + sin(xy)k̂ and S is the surface of the region

E bounded by the parabolic cylinder z = 1− x2 and the planes z = y = 0, y + z = 2.
Solution:∫∫

S

F · dS =

∫∫∫
E

∇ · FdV =

∫∫∫
E

3ydV = 3

∫ 1

−1

∫ 1−x2

0

∫ 2−z

0

ydydzdx

= 3

∫ 1

−1

∫ 1−x2

0

1

2
(2− z)2dzdx =

3

2

∫ 1

−1

[
−1

3
(2− z)3

]1−x2
0

dx

= −1

2

∫ 1

−1

[
(x2 + 1)3 − 8

]
dx = −

∫ 1

0

(
x6 + 3x4 + 3x2 − 7

)
dx =

184

35
.

1


