MATH 2450 RAHMAN Week 9

12.1 DOUBLE INTEGRATION OVER RECTANGLES

Since everyone knows how to integrate, lets jump right into it.

Ex: Estimate the volume of the solid that lies above the square R = [0,2] x [0, 2] and below the elliptic
paraboloid z = 16 — 2% — 2y? by dividing R into four equal squares and choose the sample points to
be the upper right hand corners of the squares.

Solution: Let z = f(x,y) = 16 — 2% — 2y, then
2
Va > flany)AA = f(LD)AA+ f(L2)AA+ (2, 1)AA+ f(2,2) AA=13-1+7-1+10-1+4-1 =[34],

i=1, j=1

Ex: Evalu%te2
(a) fo f1 2?ydydx

Solution:
2 2 1,]? 1
/ ydy = x2/ ydy = 2% | =y?| =22 — —2® = ~2?
then
3 3

1 27
/ —ridr = ~2*| = —
0 2, 2

(b) ff f03 r2ydxdy

Solution: Similarly,

2,3 2 3 2 9
/ / a:2ydxdy = / Y [—x3] dy = / Yydy = —y2
1 Jo 1 3 1o 1 2

Theorem 1 (Fubini). If f is continuous on R = {(z,y)la <z <b, ¢ <y <d}, then

// Fla,y)dA = / / f(,y)dyda = / / F(,y)dady. (1)

Ex: Evaluate [[(z —3y*)dA on R={(a,0)|0 <2 <2,1<y <2}
R

Solution:

//(x—3y2)dA:/02/12(3:—3y2)dyd:c:/02 [:cy—y?’]fd;c:/Oz(x—7)dx:%—7xoz —12].

R



Ex: Evaluate [[ysin(zy)dA on R = [1,2] x [0, 7]
R

Solution:

™

s 2 ™ s 1
// ysin(zy)dA = / / ysin(zy)dzdy = / [— cos(xy)]? dy = / (— cos 2y+cosy)dy = ~5 sin 2y+siny| =0/
0o Ji 0 0
R

0

é [ wsinGenyaa= [ /0 ysin(ry)dyds.

We have to do the inside integral “by parts”. Use u = y = du = dy and
dv = sin(zy)dy = v = — cos(xy), which gives us

/ ysin(zy)dy = - cos(zy)
0 T

. + ;/0 cos(zy)dy = —% cos(mx) + = [sin(zy)]y = —g cos(mz) + = sin(mz),

then
2 1 > r 21
//ysin(xy)dA :/1 - cos(mx) + Esin(wx)da: :/1 - COS(?T:E)d:E+/1 ﬁsin(mv)da:.
R

Lets deal with the first integral first. We can do this one by parts if we have v = —1/z = du = x%dx,
and dv = m cos(mx)dr = v = sin(rz), which gives us
1 1 1

T L. . @ : .
/—; cos(mx)dx = - sin(mzx) — / = sin(rz)dr = /_E cos(mx) + ] sin(rz)dr = - sin(mx),

S0
2 1 !
//ysin(a:y)dA = / / ysin(zy)dydx = - sin(rx)| = ~5 sin(27) + sin(w) = 0.
1 Jo 1
R

Ex: Find the volume of the solid bounded by 22 + 2y% + 2z = 16 and planes x = 2 and y = 2 in the first
octant (i.e., z =y =2 =0).
Solution:

22 2 1 ? 2 /88 88 4 4]
V= / / (16 — 2% — 2y*)dxdy = / |:16.T — -z’ — 2y2x} dy = / (— - 4y2) dy = {—y - —yg} =48],
o Jo 0 3 0 0 3 3 37 1o

A bit of an aside, but there is a nice shortcut if you can factor out equations of only x and only y: if

f(z.y) = g(x)h(y),

_/f /(:d g9(@)h(y)dydr = </a.hg(17)d17> </(d h(y)dy) . (2)
SIS
0 Y

Ex:

/2 /2 /2 /2
/ / sin x cos ydxdy = / sin zdx / cosydy | = | —cosx
0 0 0 0




12.2 DOUBLE INTEGRATION OVER GENERAL REGIONS

What if two of the sides of our rectangle wasn’t straight, but rather functions of x or y. Lets look at the
two types of regions we could get.

Type 1: Boundary of region D are functions of only z;

D=A{(x,y) | a<z<b gi(z)<y<gx }:>//]‘I(/(]A // f(z,y)dydx. (3)

Type 2: Boundary of region D are functions of only v;

d ha(z)
D={(z,y) | c<y<d h(z)<z<h }é//)‘fydA / / fx,y)dydz. (4)
h

Ex: Evaluate [[(z+ 2y)dA, where D is bounded by y = 22% and y = 1 + 22
D

Solution: We first look for the intersection points: 222 = 1 + 2% = 2?2 = 1 = x = %1, so the
points of intersection are (—1,2) and (1,2). Then our integral is

1422 1 2 1
/ / (z + 2y)dydr = / [zy + 7], = / [2(1+2%) + (14 2%)* — 2(227) — (22°)*] du
2z -1 _

1

15 |

z/ (-32' — 2P 420’ +o+1)de=—3— - 42 1= 4,
—1

Ex: Find the volume under z = z? + y? and above the region in the zy-plane bounded by y = 2z and

2
y ="
Solution: We again look for the points of intersection, which we can see is (0,0) and (2,4).

/ / z(2* + y*)dydx —/ [x2y+ %3} i dx = /02 [a:Q(Qx) + (2?3 — 2% (2?) — (_f)g da

_/ ___$4+14x dx__a:_7_x_5+7_x42 216
—Jo 3 3 21 5 6

ES|
Often when we have square roots we may need to split the equation between the positive and
negative parts, so we avoid it if we can, but here our intersection points are only in the first quadrant,
so we are safe.

3 Vi 4 7.3/2 3 3
// z? + d:cdy—/ I—+y233 dy—/ y_+y5/2_y__y_ dy
y/2 3 y/2 0 3 24 2

216
35 |

0

2 13
5/2 7/2 19 4
Ty 967
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