
Math 3351 Rahman Week 10

13.3 Wave Equation Examples

Consider the Wave equation

∂2u

∂t2
= c2

∂2u

∂x2
(1)

with the following boundary and initial conditions

Ex: u(0, t) = u(L, t) = 0; u(x, 0) = f(x), ∂tu(x, 0) = g(x).
Solution: We make the Ansatz: u(x, t) = T (t)X(x) and plug it into the PDE.

utt = T ′′(t)X(x), uxx = T (t)X ′′(x)⇒ T ′′X = c2TX ′′ ⇒ T ′′

c2T
=
X ′′

X

Just as in the heat equation we need to identify our Sturm–Liouville problem. We have a LHS and
RHS that are functions of different variables, yet they are equal, so they must equal a constant, say
−λ2. Then we have

T ′′

c2T
=
X ′′

X
= −λ2 (2)

Notice that unlike the heat equation, if λ = 0, we would get T ′′ = 0 which would give us a linear
function in t for T , but we know that this is unphysical because if a string is plucked it should be
oscillatory in t. So λ 6= 0. Then we can go straight to the sin and cos case.

T ′′

c2T
= −λ2 ⇒ T ′′ + c2λ2T = 0⇒ T = C1 cos(cλt) + C2 sin(cλt).

And for the X equation we have our usual Sturm–Liouville problem.

X ′′

X
= −λ2 ⇒ X ′′ + λ2X = 0⇒ X = D1 cosλx+D2 sinλx

Now we plug in the boundary conditions

X(0) = D1 = 0; X(L) = D2 sinλL = 0⇒ λ =
(nπ
L

)
⇒ X = D2 sin

(nπx
L

)
Then the general solution is

u(x, t) =

∞∑
n=1

An sin
nπx

L
cos

nπct

L
+Bn sin

nπx

L
sin

nπct

L
(3)

Now lets plug in the first initial condition,

u(x, 0) =

∞∑
n=1

An sin
nπx

L
= f(x)⇒ An =

2

L

ˆ L

0

f(x) sin
nπx

L
dx.

And the second initial condition gives us

ut(x, 0) =

∞∑
n=1

−nπc
L
An sin

nπx

L
sin

nπct

L

∣∣∣∣
t=0

+
nπc

L
Bn sin

nπx

L
cos

nπct

L

∣∣∣∣
t=0

=

∞∑
n=1

nπc

L
Bn sin

nπx

L
= g(x)⇒ nπc

L
Bn =

2

L

ˆ L

0

g(x) sin
nπx

L
dx.

Then this gives us the full solution

u(x, t) =
2

L

∞∑
n=1

sin
nπx

L
cos

nπct

L

ˆ L

0

f(x) sin
nπx

L
dx+

L

nπc
sin

nπx

L
sin

nπct

L

ˆ L

0

g(x) sin
nπx

L
dx (4)

1



5) u(0, t) = u(1, t) = 0; u(x, 0) = x(1− x), ∂tu(x, 0) = g(x).
Solution: Above we had the following general solutions for T and X

T = C1 cos(cλt) + C2 sin(cλt) (5)

X = D1 cosλx+D2 sinλx (6)

and plugging in our boundary conditions gives us

X(0) = D1 = 0; X(1) = D2 sinλ = 0⇒ λ = nπ ⇒ X = D2 cosnπx

Then our general solution is

u(x, t) =

∞∑
n=1

An sin(nπx) cos(nπct) +Bn sin(nπx) sin(nπct) (7)

Plugging in the first initial condition gives us

u(x, 0) =

∞∑
n=1

An sin(nπx) = x(1− x)⇒ An = 2

ˆ 1

0

x(1− x) sin(nπx)dx =
4

n3π3

(
(−1)n+1 + 1

)
And for the second initial condition

ut(x, 0) =
∞∑

n=1

−(nπc)An sin(nπx) sin(nπct)

∣∣∣∣
t=0

+ (nπc)Bn sin(nπc) cos(nπct)

∣∣∣∣
t=0

=

∞∑
n=1

(nπc)Bn sin(nπx) = x(1− x)⇒ (nπc)Bn = 2

ˆ 1

0

x(1− x) sin(nπx)dx =
4

n3π3

(
(−1)n+1 + 1

)
Then the full solution is

u(x, t) =

∞∑
n=1

4

n3π3

(
(−1)n+1 + 1

)
sin(nπx)

[
cos(nπct) +

4

nπc
sin(nπct)

]
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