MATH 3351 RAHMAN Week 10

13.3 WAVE EQUATION EXAMPLES

Consider the Wave equation
2 2
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with the following boundary and initial conditions
Ex: U(O, t) = U(L,t) = 07 U(ZE, O) = f(:l:),atu(x, 0) = g(fﬂ)
Solution: We make the Ansatz: u(x,t) = T(¢t)X () and plug it into the PDE.
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Just as in the heat equation we need to identify our Sturm—Liouville problem. We have a LHS and

RHS that are functions of different variables, yet they are equal, so they must equal a constant, say
—\2. Then we have

g =T" ()X (2),Uupe = TH)X"(2) = T'X = ATX" =

T// X// 9

T x (2)
Notice that unlike the heat equation, if A = 0, we would get T” = 0 which would give us a linear
function in ¢ for T, but we know that this is unphysical because if a string is plucked it should be
oscillatory in . So A # 0. Then we can go straight to the sin and cos case.

T//
i A2 =S T+ ENT =0= T = C; cos(cAt) + Casin(cAt).
c
And for the X equation we have our usual Sturm—Liouville problem.
X//
~ = ~A = X"+ XX =0= X = Dy cos Ax + Dysin \z

Now we plug in the boundary conditions
. nm . /NTT
X(0)=D;=0; X(L)=DasinAL =0= \ = (T) = X = Dysin (T)

Then the general solution is

nmct nwx nmct

u(z,t) = nz::l A, sin % cos —— + B, sin A sin T (3)
Now lets plug in the first initial condition,
o0 L
u(x 0):ZAnsinm:f(x):>An:g/ f(x)sin@dx.
’ = L L J, L

And the second initial condition gives us

n=1 — _
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- 7 PnaSM—— =g — DB, == x) sin ——dz
n=1 L " L g L " L 0 g L

Then this gives us the full solution

2 — t [t L t [t
u(w,t) = I Z sin ? cos 1 / f(x)sin ?dx + — sin ? sin m;c / g(x) sin L (4)
n=1 0 0



5) u(0,t) = u(l,t) =0; u(z,0) = 2(1 — ), Opu(z,0) = g(x).
Solution: Above we had the following general solutions for 7" and X
T = C cos(cAt) + Cysin(cAt) (5)
X = Dj cos \x + Dy sin \z (6)
and plugging in our boundary conditions gives us
X(0) =Dy = 0; X(1) =Dysin A\ =0= A =nw = X = Dycosnnz

Then our general solution is

u(z,t) = Z A, sin(nmz) cos(nmet) + By, sin(nwx) sin(nwct) (7)
n=1
Plugging in the first initial condition gives us
4
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u(z,0) = Z Apsin(nmz) =z(l —z) = A, = 2/0 z(1 — z) sin(nmx)der = o

n=1

((_1)n+1 + 1)
And for the second initial condition

ur(x,0) = Z —(nmc) Ay, sin(nra) sin(nwct)

n

+ (nme) By, sin(nwc) cos(nmct)
=0

t=0
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(nmwc) By sin(nmx) = x(1 — z) = (nme) By, = 2/0 (1 — ) sin(nra)dr = (—1)"*Ft +1)

n=1

Then the full solution is

u(z,t) = Z n347T3 (=1)"*' +1) sin(nrz) [cos(mrct) + % sin(mrct)}
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