MATH 3351 RAHMAN Week 3

10.2: HOMOGENEOUS LINEAR SYSTEMS

Consider the 2 x 2 ODE % = A(t)?. As we have seen with the linear algebra problems, a 2-dimensional
eigenvalue problem has three types of solutions:

Case Eigenvalue Eigenvector General Solution
Real Distinct AV =27 = A= A1, Ao o = 71, 72 T = 81716)‘1t + Cg?geAgt
Real Repeated AV =20 = A=\ V=0, A =0V | T =cive N+’ [Vt + W]

Z =c1et [V sin Ot + w cos O]

Complex Conjugat A=¢E+i0 V=7 +id
omplex Conjugate §xi i 4 epef [T cos Ot — T cos 1]

Now, lets go over a bunch of examples

L4z _ (3 2

Solution: First find the eigenvalues,

’3—)\ -9 ’

5 _g9_1 =B-N(2-N+4=6-A+X+4=2-21-2=A-2)A+1)=0=\=-1,2

Then we find the eigenvectors,

¢ )rrmne Q) 6 o)

Then the general solution is

oaz _ (3 1
Solution: The eigenvalues are

3—A -1
9 -3-A

(b ) 7=0=7=()

And the generalized eigenvector is

G )77=()= 7= ()

Then the general solution is
1 1 1
7 =c (3> + ¢ [(3> t+ <2)}

Ex: Consider the system of ODEs & = 2z — 5y, y = x — 2y.

’:A2—9+9:)\2=0:>)\:0.

The eigenvector is,

Solution: This translates into the matrix ODE % = <% :g) 7. We take the eigenvalues as
usual,
2—-A -5 | _ 2 42 _ .
' 1 _2_)\’_(4—/\)4—5—)\ +1=0=>X==i

Then the eigenvectors are,



Then our solution is

T=c (2—{%) et +cy <2Iz> et =¢ (2—1~_Z> (cost +isint) + co <2IZ) (cost —isint)
2cost —sint . f{cost+ 2sint 2cost —sint . [—cost —2sint
=C +1 . + co +1 .
cost sint cost —sint

So, our real solution would be,

2cost —sint cost + 2sint
z=(e1+ ) < cost ) +(e—c) ( sint )

Notice, since the eigenvectors are complex conjugates, we only need one eigenvector to find our
solution. This is what we will do from now on. Don’t do the problem the way I showed the
instructional example!

a7 _ <1 :g) 2, 2(0) = (1>

dt 1 1

Solution: Here we will solve an IVP. We take the eigenvalues,

_ — 1
’1 1 A _35/\ =342+ XN +5=X +214+2=0= )= 5(—21«/4—8) = 143,
The eigenvectors for A = —1 + i is,

2 241 NP 241 e_t(cost—i—isint): 2cost —sint 4 cost—.i-2s1nt
1 1 cost sint

Then our general solution is,

_¢+ [(2cost —sint _4 [cost+ 2sint
_ t t
v =de ( cost ) + Be ( sint )

Now we plug in our initial conditions,

x(O)zAG)—i—B((l)):G):>A:1:>B:—1

Then our solution is,
_¢ [cost — 3sint
r=e .
cost —sint

-(, )70 (2)

dar T \3 -1
Solution: Again we find the eigenvalues

3 1-1 =B-N1-X)+3=X-6A+8=N-4)A-2)=0=A=2,4.

5-x -1 ‘
Then we find the eigenvectors

3 -1 1 1 -1 1
<3 _1>71—0:>71—(3>, <3 _3>72—0:>72_(1>

Our general solution is
T =c (;}) e + ¢y G) et

Then we solve for the constants

7(0) = <_21> - (;;110022) = <_21> = 1= —3/2= = T/2

Then the full solution is
_ 3 ]_ 2 7 1 4t
?——2(3)6 +2<1>e



Ex: a7 _ 12 -9 7

a —\4 0
Solution: The eigenvalues are
12;A _i’ =AM 120 +36=(A-6)2=0=\=6.

Then the eigenvector and the generalized eigenvector are

¢ v ¢ Yeeron()

Then the general solution is

7o (g2 (0=

Additional Examples. Here are some additional examples for distinct real eigenvalues that we didn’t
do in class. You must understand how to do these problems before you can hope to solve the the distinct
real and complex conjugate cases, so if you are having trouble please go through these examples step by
step.

Ex: Solve the ODE % = <§ :;) and comment on what happens as t — oo for ¢co = 0 and ¢p # 0.
Solutions: Again we find the eigenvalues,

=2-N(-2-N+3=X-1=0=\==+1.

()7 ()
e (v (e

Here if co =0, x — 0 and if ¢ # 0, x — 0.

Ex: Solve the ODE 4% = <_2 1

2-A -1
3 —2-A

The eigenvectors are,

Then the solution is,

1 ) 7 and comment on what happens as t — oo.

Solution: Again,

—2-A 1
1 —-2-A

And the eigenvectors are,

’(2+A)21(A+1)(A+3)o;m1, -3.

() 2-(3):
e () etren () e

Our solution is,

Here z — 0.
Ex: Solve the ODE % = 31 62) 7 and comment on what happens as t — oo for ¢ = 0 and ¢y # 0.
Solutions: Again the eigenvalues are

=B-AN(-2-AN)+6=-6-A+AN+6=XAA-1)=0=>A1=0,1

"= () 7= ()
smar(P) (P

-1 —-2-A

with the eigenvectors,

‘3—/\ 6

Then our solution is



So our solution behaves as follows: if co = 0, z = ¢1(—2,1); i.e. the first eigenvector. If co # 0,
T — 00,



