MATH 3351 RAHMAN Week 10

13.3 HEAT EQUATION EXAMPLES

Consider the heat equation with a generic initial condition,

0 0?
o =kt u(@,0) = f(). (1)

with the following boundary conditions

Ex:

T
kT

u(0,t) = u(L,t) = 0.
Solution: We make the Ansatz, u(x,t) = T(t)X (). Then we plug this into our heat equation
T/ X//
u =T ()X (), upe =TH)X"(2) = T'X =kTX" = — = —.
KT X
Since the LHS is a function of ¢ alone, and the RHS is a function of x alone, and since they are
equal, they must equal a constant. Lets call it —\2. Then we have

T/ X/I

KT~ X
Notice that I call this from the get go because in our Sturm-Liouville problems the negative eigenvalue
case always gave us trivial solutions. Here we bypass that by automatically assuming a positive

eigenvalue A\2. Now we must solve the two differential equations.
The T equation is the easiest to solve

dr ar

—\Z (2)

dt

T )
=N T = kT = kN T = = —kXZdt = /d? = /—Wdt =InT = —k\Nt =T = "

Notice that we don’t include the constant in front of the exponential, and that is because the X
equation will have constants, and we would simply by multiplying constants to reduce it to one
constant anyway, so I choose to leave it out from the beginning. You don’t have to though.
Now, we solve the X equation by recalling our Sturm-Liouville problems
X//
~ = N = X"+ XX =0=X=Acos \x+ Bsin\z for A\ # 0 and X = ¢;z + ¢, for A = 0.

If we look at the A = 0 case we have X (0) = ¢y =0 and X (L) = Lc; =0, s0 X =0.
Now we look at the A # 0 case. X(0) = A =0 and

ni 2
X(L)=X(L) = Bsin\z = 0= \ = % = X, = anin%x and T), = e *(F)t
Next we combine the T" and X solutions to get the general solutions,

nw

o0
u(z,t) = Z By, sin %e_k(T) ¢ (3)
n=1

And we can solve for the constants using the principles from Fourier series with the initial condition.
Since this is a Fourier sine series we have

o 2 I
u(x’O):ZBnSin?:f(x)éB":Z/o f(x)sin%dx
n=1

Then our full solution is



Ex:

uz(0,t) = uz(L,t) = 0.
Solution: We know from the first example that T'=e
For the X equation we need to look at our two cases. For A\ = 0 we have X = ¢y + ¢2, and
X'(z) = ¢1, so for both boundaries X'(0) = ¢; = X’(L). These leaves us with a constant X = cs.
For the X\ # 0 case we have

—kX\%t

X = Acos Az + Bsin Az = X' = —AAsin \x + AB cos \z

Then we get X’(0) = AB =0 and

X'(L) = =MsinAL =0 = A= " = X, = A, cos " and T, = R (i)t

Next we combine the T" and X solutions to get our general solution

i nm 2
u(z,t) ZCQ—FZAncos?e_k(T) ¢ (5)
n=1

Now we find our coeflicients by invoking the initial condition and using Fourier Series

nmwxr

u(z,0) = ca + Z A, cos < = fx)
n=1

This gives us

and
2 [F nwT
A, = 7 /0 f(x) cos Td:v

Combining everything we get the full solution

1 [F 2 nny2, [F
u(z,t) = Z/o f(z)dx + Z;COS %e_k(T) t/o f(x) cos %dm (6)



Ex: Now lets think of heat transfer in a circle. If we go around in one direction we hit x = —L and in the
other direction x = L, but these are the same point. So we get the following boundary conditions

u(—L,t) = u(L,t),uy(—L,t) = u, (L, t) (7)
Solution: We know from the previous two problems that our solutions will be
T — kA%t

X=cx+cyfor\=0
X = Acos Ax + Bsin Az for A #0
For A =0, X(L) = 1L 4+ ¢3 and X(—L) = —¢1L 4 ¢2, so ¢; = 0. And the derivative is trivially

satisfied.
For A # 0,
X(L) = X(~L) = AcosAL + Bsin \L = Acos \L — Bsin AL = sin AL =0 = \ = %

And
X'(L) = X'(—L) = —AAsin AL + ABcos AL = AAsin A\L + ABcos AL = sinA\L =0

But we already showed this. So, we need to keep both coefficients. Then our solution for X, which
as we saw in previous conditions (for the heat equation) is just the initial condition of the general
solution, is

(oo}
X=C2+;Ancos?+3nsin¥:u(a:,O):f(x) (8)
Now we use Fourier series to solve for the coefficients,

1 F
Co = Z/o f(x)dx

2 [ nwT
A, = Z/o f(x) cos de

9 L
B, = Z/O f(z)sin %dm‘
Putting everything back into the general solution gives us
I 2 o A wny2, [
u(z,t) = —/ f(z)dz+— > cos N o =h(7) t/ f(x) cos DY g 4sin 2L e~k t/ f(z)sin Ll
L/, L — 0 L L 0 L

L
(9)
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