AMATH 301 RAHMAN Week 3 Theory Part 2

WEEK 3 PART 2: PA = LU FACTORIZATION
Lets now do Gaussian Elimination on matrices. Again consider our equation from last time
2u+v+w=>5
du — 6v = -2 (1)
—2u+Tv+2w =29

we will write this as an augmented matrix by appending the right hand side (RHS) to the coefficient matrix,

2 1 1 | 5 2 1 1 | 5 2 1 1 | 5 2 1 1 | 5
204 —6 0 | —2|= 0 -8 -2 | —12|= |0 -8 -2 | —12|=[0 -8 -2 | —12
-2 7 2] 9| -—-1]-2 7 2 | 9 ~1{0 8 3 | 14 00 1 | 2

This means , then we plug into the second equation to get , and finally the first to get .

The elements down the diagonal are called pivots. The augmented matrix is said to be in row-echelon form. The original
matrix,

2 1 1
0 -8 -2
0 0 1

is said to be in upper triangular form.
All of the operations we talked about up to this point can be organized into matrices. For example, if we want to switch the
first and second rows, but keep the third as is we would do

0 1 0
1 00
0 0 1
In terms of Gaussian elimination lets go back to our original system of equations
2 1 1 U 5
Az=[ 4 -6 0 v|=1[-2]=0b (2)
-2 7 2 w 9
Recall that our final system was of the form
2 1 1 U 5
Ue=|0 -8 -2 v =|-12] =¢ (3)
0 O 1 w 2

Lets see how we go from A to U using matrix operations.

The first operation we did was subtract 2 times the first row from the second. Recall that we kept the first and third rows
intact, so they willbe 1 0 O and 0 0O 1 respectively. In order to do -2 times the first and add it to the second we need
—2 1 0 in the second row of the identity matrix; i.e.,

1 0 0
E=1|-2 10 (4)
0 0 1
In a similar fashion, the matrices for the next two operations will be
1 00 1 00
F=10 1 0f; G=10 1 0 (5)
1 01 01 1

Then GFEA = U. However, all we want from U is to solve x. Afterwards we want to get back to A so we don’t lose the original
matrix. In order to write A in terms of U lets simply invert:

A=E'FIG7U. (6)
To invert we just do the reverse row operation for each matrix; i.e.,
1 00 1 0 0 1 0 0
El=12 1 o]; F=|0 1 0|; G=10 1 0 (7)
0 0 1 -1 0 1 0 -1 1
Multiplying the matrices gives us
1 0 O
E7'Flgt =12 1 0| =L (8)
-1 -1 1

We call the matrix L, lower triangular, and we call A = LU, LU factorization.
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Aside: Notice that when we did Gaussian elimination, we wanted to solve Az = b, but ended up solving Ux = ¢. This means
that since A = LU, LUx = b = Lc =b. This is the very reason we are allowed to simply append the right hand side.

We have been doing Gaussian elimination on regular matrices up to this point. But what happens if we don’t have all pivots
or our pivots aren’t in the right place? Often we may have to switch rows in order to perform the Gaussian elimination. Lets
look at some examples.

Ex:

Ex:

b

Here we have a zero where the first pivot should be, and therefore can’t proceed with the Gaussian elimination. However,
we can to a row exchange and get the pivot into the correct spot. Since we only have two rows, the only row exchange
is switching rows one and two. Notice that this can be done via the matrix

0 1
p=[i ]
that is,
0 1](0 1 1 2
a1 g1 o=l 1=

which is upper triangular. Since we only had to do row exchanges that were taken care of by the matrix P, our lower
triangular matrix will be the identity matrix because we did not have to do any other row operations:

1 0
b= -t

Now lets do a harder problem. Consider the matrix

Clearly this doesn’t have a pivot in the correct spot. If we were writing an algorithm to do this on the computer we
would move all of the nonzero first entry rows to the top of the matrix (in this case the second and third rows would
move to the first and second row position). However, as humans we have the distinct advantage of intuition. Notice that
the first two entries of the second row will eliminate the first two entries of the third row. Therefore, there is no reason
to move the third row. All we need to do is switch the second and first row and proceed with the Gaussian elimination:

Notice that we did the permutation first and then did the LU factorization on the permuted matrix PA, so our L will
correspond to PA and not A:

01 0 1 0 0
P=11 0 0f, L=10 10
0 01 -2 0 1



Here are a few more Gaussian elimination examples.

Ex:
13 | 11y 1 3 | 11 — —.
3[3 1| 9}_[0 -8 | 24}:’\@:“’(——2‘7
Ex:
-1 2 | 3/2] [-1 2 | 3/2
2|12 -4 | 3] |0 0 | -6
Clearly this matrix is singular, and since the RHS is nontrivial it will have .
Ex:
10 -3 | =2 10 -3 | -2 10 -3 | -2
3131 -2 | 5|= |01 7 | 11f{=|0 1 7 | 11
212 2 1 | 4 210 2 7 | 8 00 -7 | —-14
then x3 =2, 2o = -3, 1 = 4.
Ex:
2 0 3 | 3 2 0 3| 3 2 0 3| 3
214 -3 7 | 5= |0 =3 1 | —-1|l=10 =3 1 | -1
418 -9 15 | 10 310 =9 3 | -2 0 0 0 | 1

Clearly this matrix is singular, and since the RHS is nontrivial it will have .

Now lets do a couple of examples of LU factorization.

Ex:
1 0
LR
Notice that this is already in lower triangular form, so we don’t have any work to do
1 0 1 0
e= ol ]
Ex:
3 1 3 0 1 3 0 1 3 0 1
216 1 1= (01 -1|=(0 1 -1{=U=|0 1 -1
-1]-3 1 0 110 1 1 00 2 0 0 2
100 1 00 1 00 10
El=12 1 0o|,F'=|0 1 0/,G'=|0 1 0|=L=|2 1
0 0 1 -1 0 1 01 1 -1 1

= o O

Lets do a couple of more pivoting examples with permutation matrices.

Ex: In this next example we will be able to see a priori that it is singular, however lets carry it to reduced row echelon form.

efo -1 0 1 1 0 -1 0 ® 0 -1 0
1 0 -1 0| _ o -1 0 1| _ |0 @ o 1
elo2 0 27202 0 2 0|70 0 @ 0
2 0 2 0] -2/0 2 0 -2 0 0 0 0

Notice that this only has three pivots (circled in red). In Linear Algebra, the number of pivots is called the rank of the
matrix. This has rank = 3. However this is a 4 X 4 matrix; i.e., we are missing a pivot even though we eliminated as much
as we could. When we get to this point, the matrix is called reduced row echelon since we cannot reduce any further.
Notice that an upper triangular matrix from the LU factorization of a nonsingular coefficient matrix is also reduced
row echelon. The augmented matrices from when we first started Gaussian elimination are never put into reduced row

echelon form unless it is nonsingular.




Ex:

Now lets do an example where we have to update our P and L matrices due to not choosing the perfect choice of P the
first time around. Consider the matrix with the following initial row exchange:

¢ 0 -1 0 1 1 0 -1 0 1 0 -1 0
1 0 -1 0f _ 212 0 2 0| [0 0 4 0
C 0 2 0 —1f" 0 -1 0 1110 -1 0 1
2 0 2 0 -2(0 2 0 -1 0 0 0 1

Notice that we don’t quite have all the pivots in the correct spots, so we need to do one more permutation. However,
we already did one permutation and started doing row operations. Just doing another permutation and recording our
lower triangular matrix will give us the wrong LU factorization. Let us record what we have so far and use a tilde to
signify that it is not in its final form:

01 00 1.0 0 O
~ 0 0 01 = 21 0 0
P= 10 0 0|’ L= 00 1 0
0 01 0 0 0 -2 1

Now lets proceed with the Gaussian elimination and then see how

£

e need to update L and P.

1 0 -1 0 1 0 -1 0
0 0 4 0 0 -1 0
« 0 -1 0 1| |0 0 4
0 0 0 1 0 0 O

=U

=

This has “full rank”; i.e., it has all of its pivots. So this does have a LU factorization. Lets now update the P and L
matrices. We see that we had to switch the second and third rows, so we have to do the same in P. In L, however, if we
switched the entire second and third rows it would no longer be lower triangular. To get the correct L we simply move
the “2” to the same spot in the third row, and the “-2” to the second entry in the last row instead of the third. We are
moving any operations involving the 2nd row to the respective entries for operations on the 3rd row (It should be noted
that T made an error about this in the lecture video). Then we get

01 0O 1 0 00
10 0 0 0 1 00
P= 0 0 0 1)° L= 2 0 10
0 010 0 -2 0 1
There may be cases where multiple updates are necessary. In those cases you would keep the matrices as tildes until the

final update.



