AMATH 352 RAHMAN Week 2

SEC. 1.2 MATRICES AND VECTORS

Coefficient matrix
Consider

2u+v+w=>5
4du — 6v = =2 (1)
—2u+Tv+2w=9

Then the matrix

2 1 1
Asxs=14 —6 0
-2 7 2

is called the coefficient matrix of (1). Also, the matrix A is said to be a 3 x 3 matrix as it has 3 rows and 3 columns.

Addition
Matrix addition works just like scalar addition, and we just add the respective elements together.
Consider

2 1 1 2
BB><2: 3 0 703><2: -3 1
0 4 1 2
then
3 3
B+C=1]0 1
1 6

Further, the matrices B and C' are of size 3 x 2 since they have 3 rows and 2 columns
Scalar multiplication
Just multiply the scalar term with each element,

Ex:
4 2
2B=16 0
0 8
Ex:
2 4
2C0=|—-6 2
2 4
Ex:
6 6
2(B+C)=2(C+B)= (0 2
2 12
Transpose
We denote transpose with a T superscripted onto the matrix,
Ex:
r |1 =3 1
¢ = {2 1 2
Ex:
r 12 3 0
B = [1 0 4

Dot (inner) product
Most of you have seen dot products in your Calculus courses. We will see why this is called an inner product as well in later
sections.

Ex:

1 2
=33 =1-24+(-3)-3+1-0=-T.
1 0

1



Size
The size of a matrix is written as the number of rows by the number of columns, and if shown is given as a subscript.

Multiplication

We can only multiply matrices if the number of rows of the first is equivalent to the number of columns of the second. In order
to multiply we will do the dot product of the row of the first matrix with the column of the second. Here is a generalization of
that process for a 2 x 2 and 3 x 3, and it is a simple extension to other sizes.

2 %X 2:
a1 a1z (b biz\ _ (a11bi1 4 a12ba  aibiz + aizbas )
az1 a22 bar  bao a21b11 + a22b21  az1b12 + azabao
3 %X 3:
a1 a2 G13 b1 b1z bis a11b11 + a12bo1 4+ a13b31  ai1bi2 4 a12b22 + aldbas  a11b13 + a12baz + ai3bssz
a1 G2 a23 ba1  baa bas | = | ao1bi1 + ao2bar + assbsr  a1biz + asebas + assbss  a21biz + asebas + agsbss (3)
as1  asz as3 b31 b3z b33 a31b11 + azabo1 + azzbsr  azibiz + aszobas + asszbsa  az1biz + azebas + asszbsz
Ex:
2 1 4 -5 4
BCT =3 0 (; _13 ;)- 3 -9 3
0 4 8 4 8
Ex:
1 2
CBT=|(-3 1 G g Z)
1 2
Notice that BCT = (CBT)T and vise-versa.
Ex:
2 1
1 -3 1 -7 5
oo ()17 3
2 1 2 0 4 7 10
Ex:
-7 7
T _
o= ]

Notice that now that we know how to transpose products, we did not have to do any work since BTC = (CT B)T.

Matrix form of linear systems
Now that we know how to multiply matrices we may convert our system of equations into a matrix equation, which the

computer can understand. Lets again consider (1),

2 1 1 U )
1)=Az=b=]4 -6 0 v|=1-2 (4)
-2 7 2 w 9

We talked about a lot of notation, but we skipped some intentionally. We’ll get back to those later.
We saw that matrices of different sizes cannot be commuted; i.e., Asy3Bsx2 # B3xaAaxs. However, with scalar multiplication

. . . ?
we can commute (e.g., 5-2 =2-5), so can two matrices of the same size commute; i..e, AoxoBoxs = BaxaAaxa.



Ex: Consider
1 0 11
o 9o o
11 1 0
AB = {O O} 4 BA= {O 0}
Matrix addition works just like scalar addition.
Matrix multiplication: (AB)C' = A(BC), A(B+ C) = AB+ AC, AB # BA. So, in general matrices do not commute. Is

there a matrix that commutes with everything?
Consider the 2 x 2 matrix

Notice

1 0
. [0 1] (5)
and a generic 2 x 2 matrix
A— {au a12} ’
a1 22

then Al = A = [ A. This is multiplicative identity of matrices, and is called the identity matrix. For a general n x n matrix it
takes the form,

0
0

1
that is, ones down the diagonal and zeros everywhere else, so for a 3 x 3 matrix it would be
100
I=|0 1 0O
0 0 1
Now lets look at properties of the transpose: (AT)T = A, (A+ B)T = AT + BT (cA)T = ¢(AT), (AB)T = BT AT.

Notice that a dot product of two vectors can also be written as vir = v w.



