Math 222 - 009 Rahman Exam I Practice Problems

FALL 2007 SOLUTIONS

(1) (a) (i) 2nd order because of y”, nonlinear because of y'y.
(ii) 1st order because of ¥, nonlinear because 1/y is nonlinear
(think of it’s Taylor series); you could also just multiply

out by y and get yy’ which is obviously nonlinear.

(b) As per usual the characteristic polynomial 2 +r — 6 = (r +
3)(r—2), so our general solution is y = c;e 3%+ c2e?*. Plugging
in the initial conditions gives y(0) = ¢1 + ¢ = 1 and ¢/(0) =
—3c1 + 2¢o = k, solving the system of simultaneous equations
gives co = (k4 3)/5 and ¢; = (2 — k) /5. This gives a solution

of,
2—k 3, k43 o,
= —c —e“".
V=75 T3
Hence, notice if £ = —3, the positive exponential term disap-

pears, soy — 0 as t — oo if £ = —3.
(2) (a) This is clearly separable, so we separate and integrate,

/ eVdy — [dt
ev+1 ) t
We find the first integral by u-sub, with u = eV +1 = du = e¥dy,
eddy  [du B y
/€y+1 —/Z—lnu—ln(e +1).
This gives,
In(e +1)=Int+C=e+1=kt = y=In(kt —1).

(b) We will do this problem the same way we derived the char-
acteristic polynomial. Plugging in y = (¢t — 1)" and 3" =
r(r —1)(t — 1)" 2 gives,

(=12 e =)= =2t =1 =@t -1 (PP—r-2) =0=12—r—2=0=7r=-12

(3) (a) Here we plug in y =1/2 and 3/ =0,

2 2
You can pick a =2 =b=—1.
(b) The “r” values are 7 = 9, —2, 50 (r —9)(r+2) = 7> —7r — 18 =
y' — 7y — 18y = 0.
(4) (a) skip - on the next exam
(b) This is in integrating factor form and it’s clearly not separable,
so we use method of integrating factors,

td
[t = exp </ T> =exp(lnt) =t.
T

1

a+b=0:>b:—;:>y’:—<ay—a>



using this to convert our ODE we get,

d(ty) = tcostdt = /d(ty) = /tcos tdt.

We integrate the RHS via by-parts, with u =t = du = dt and
dv = cost = v = sint,

ty =tsint — /sintdt =tsint 4+ cost+C = y =sint + %COSt—l— %
(5) (a) This is separable, so we separate and integrate,
/efzydy = /dt = —%efzy =t+C.
The initial condition gives C'= —1/2, so
eW=1-2t=2y=1In(1-2t)=y= —% In(1 — 2t).

(b) t € (—00,1/2).
(6) (a) This is separable, so we separate and integrate,

2dy
= [ dt.
/ Y2 —4 /

To solve the first integral we have to use partial fractions, but
this is easy enough that we can do the partial fractions in our
head,

2 2 /2 1/2

Y¥—-4 (y-2)(y+2) y—-2 y+2

which gives,

/dy /dy :Q/dt:>1n(y—2)—ln(y+2):2t—|—C’

y—2 a y+2
-2 -2
éln<y> =2 +C = 7 = ke
y+2 y+2
from the initial condition we get kK = —1, so our solution is
y—2 _ 2
y+2 ’

(b) While we can’t solve this explicitly for y we can extract infor-

mation from the form we have. Notice that if we take t — 0
we get z% — 00, so this doesn’t help us, but we can take the
reciprocal, which will make the problem easier,

Hence, ast — 0,y — —27. It approaches from the right because
the RHS is negative. I’ll explain this more in class.



SPRING 2012 SOLUTIONS

(1) (a) skip - next exam
(b) (i) 3rd order because of y”’, nonlinear because of sin(z + y),

again think of the Taylor series of sine.

(ii) 2nd order because of % (t%), and linear.

(2) It might be best if I explain this in class, so here I'm not going to do
too much explaining, I’ll just give the results. From proportionality
we get dx/dt = rx where r is the proportionality constant. We solve
this via separation to get,

dx—mt#/dx—r/dtélnx—rt—i—a

dt x

Notice we have to constants to solve for: the constant of integration
and the proportionality constant. For ¢ = 3 we have In(400) =
3r + C and for t = 10 we have In(2000) = 10r + C. This gives us
two simultaneous equations to solve, which gives r = (In5)/7 and
C =1n(400) — 3(In5)/7. Plugging this back in gives,

t
Iz = —In5 +In(400) — In 57 = Inz = In 57 + In(400) — In5%/7 = In (400 : 5“*3)/7)
= 2 = (400)5¢73)/7 = 4005 E=3)/7,
(3) (a) We plug in for y and ¢y’ as per usual,
3a+b=0=b=—-3a=1y = —(ay — 3a).

You can pick a =1= b= —-3.

(b) We need to put this into standard form, y’ — y/xz = 1, this is
clearly not separable and it’s in the integrating factor form, so
we find the integrating factor,

,uzexp(—/xd;) :e_lnx:é.

Now, we proceed with the method of integrating factors,

d
/d(y>: ﬁig:1n|x|+0:>y:xln|x\+0x.
x x x

From the initial condition we get, C' =1, so y = zIn|z| + x.
(4) As per usual we find our characteristic polynomial: r? — 2r — 3 =
(r—3)(r+1), so y = 13 + cpe™®. From the initial conditions
we get, y(0) = ¢1 + ca = a and y'(0) = 3¢1 — ¢ = 1, so we have
4c1 = a+ 1. We don’t even have to solve for the other constant,
we have our answer already. Notice that if &« = —1, the first term
disappears and hence y — 0 as t — co.



(5) This is a bit harder than the concentration problems we did, but it’s
a really fun problem.

(a) Solving for the amount of time it takes to fill up is easy because
it’s only arithmetic. Notice that the volume increases as a con-
stant every minute, i.e. 4 gal. is coming in and 3 gal. is leaving.
And we know that 30 gal. of solution needs to enter the tank
to fill it to the top, so T' = (30 gal.) + (4 gal/min —3 gal/min)
= 30 min.

(b) This is a bit harder, but rate in is easy to find: (2 1b/gal) x (4
gal/min) = 8 Ib/min. To find the rate out will take a bit more
effort. Notice that in most of our problems the total volume was
constant, however here the volume increases as time. Notice
that every minute the volume increases by a gallon, so at any
time ¢ the volume will be 90 4+ ¢. Now that we have that we
move forward as usual: the concentration is z/(90+¢) Ib/gal, so
we get (2/(90+t) 1b/gal) x (3) gal/min = ggf’;t Ib/min. Then,
our IVP becomes,

dx 3x dx 3x

— =8-—— = — =8; z(0) = 90.

dt g0+t a@t toore o e
We use integrating factors to solve this. The integrating factor

is,

t 3dr
90+ 7
Applying the method of integrating factors gives,

[t = exp < ) = exp (31n(90 + 1)) = (90 + t)°.

C
3.1 _ 3 3. _ 4 _
/d[(90+t) 2| = /8(90+t) dt = (90 + 1)z = 2(90 + t)* + C = o = 2(90 + t) + O
From the initial condition we get, C' = —90%, so for any time
the amount of salt is,
904
=290+1t) — —.
T =200+ = G55

(6) (a) We get y; = —3t~* and 3} = 12¢t°, and plugging this back in
gives, 12¢73 — 9¢t=3 — 3¢t=3 = 0, but notice this is only valid for
t>0.

(b) skip - on next exam
(c) skip - on next exam



