MATH 222 - 009 RAHMAN Exam II solutions

(1) (a) We take the Wronskian,

6225

W(f)g) = ‘ 92t g/

g :62tgl—262tg:364t.

Then we solve the ODE,

t t
g —29=23e*"= pu=exp (—/ 2d7'> —e Mg = / 3dr = 3t = g = 3te?.

(b) (i) From the Wronskian we get that they are L.I.,

cost sint
W(ylqu)_ —Sint cost ‘ _1#0
(ii) From the Wronskian we get that they are L.I.,
|z xe® 9.
W(ylayQ) 1 e® 4 ze® =xe 7é 0.
(2) The characteristic polynomial gives, 72 4+ 2r +5 = 0 = r = —1 & 2i, then our general solution is

y = e *(Acos2t + Bsin2t)
Our initial conditions give us, y(0) = A =2 and y'(0) = —2 + 2B = 0 = B = 1, then our solution is
y = e '(2cos 2t + sin 2t).
Your sketch should look like,

(3) Plugging the first solution into the ODE gives t3(2¢t73) + 3t(—t=2) + t~' = 0. Now, for reduction of order let
y = v(t)t~1, which gives the derivatives,

y/ — v/t—l _ t_QU = y// — v”t_l _ Qt_ZU/ + 2t_3.
Plugging in to the ODE gives,
V't — 20"+ 267 430 =3t ot =t + 0" =0.

Let uw = v/, then we get,
1 dt k
u':—tuilnu:/t:—lnt+00:>u:t:>v:k‘lnt—l—01

Then, y = klnt/t + Cy/t, so yo = Int/t.
(4) (a) We employ the characteristic polynomial, 2> +3r +1 = 0 = r = —3/4+1/4 = —1,—1/2. Then the
characteristic solution is, y. = c1e~%2 + cpe~t. Then our particular solution is,
Yp = Ait? 4+ Aot + A3 + By cost + Bysint = y; =2A1t+ Ay — Bysint + By cost = yg =2A; — Bycost — Bysint.
Plugging into the ODE gives,
4A1 —2Bjcost —2Bgsint + 6A1t + 349 — 3By sint + 3Bglcost + A1t2 + Aot + A3 + Bycost + Bysint = t2 + 3sint.



Grouping terms gives,
A1t2 + (A2 + 6A1)t + (4A1 + 345 + A3) + (3B2 — Bl) cost — (3B1 + Bg) sint = 2 + 3sint.
Then we get A} =1, Ay = —6, A3 = 14, B; = —9/10, By = —3/10. Then our full general solution is,

9 3
Yy = cre 2 4 eget 412 — 6t + 14 — Tocost— 1—Osint.

(b) We have to solve for the characteristic solution first, 72 4+ 3r = 7(r + 3) = 0, then y. = ¢; + c2e~3, s0 our
particular solution is,

yp = t(Agt* + Azt + Aot® + Agt + Ag) + t(Bat® + Byt + Bo)e ' + Dy sin 3t + Dy cos 3t.
(5) Plugging y; =t into the ODE gives, —t(t + 2) + t(t + 2) = 0 and yo = te’ gives,
2t2e! + t3e! — t2e! — t3e! — 2te! — 2t%et + 126! + 2te! = 0.
Taking the Wronskian gives,

|t tet rr
W(yl’y2)_' 1 tel + et =te.
We recall our variation of parameters formula,
y2f(t) y1f(t)
y=—-y | ———dt+vyy | —————=dt.
W(yhy?) W(yhy?)
We do the integrals individually,
y2f(t) / (te')(2t) yif(t) / t(2t) / - t
———dt = | —=——=dt = =2t + Cf; ——dt = dt =2 dt = —2 C
W(yla 92) t2et o W(yh y2) tht ¢ ¢ e

Plugging these back into our equation gives,
Yy = —2t2 + Clt — 2t + Cgtet = —2t2 =+ Cgt + Cgtet.

Which means, y, = —2t2.
(6) (a) Our IVP is,

e

1
§UN + 20" + 64u = 0; u(0) = 0, v'(0) =

(b) Our characteristic polynomial gives, 72/2 + 2r 4+ 64 = 0 = r = —2 4 4/124. Then our general solution is,
u = e 2 (Acos V124t + BsinV124t).
Then from the initial conditions we get, u(0) = A = 0 and «/(0) = Bv124 = 1/4, so B = 1/4y/124. Then

our solution is,

1 —2t
u = e “'sinv124t
44/124

(¢) Your plot should look as follows,
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