MATH 222 - 009 RAHMAN Final Exam Practice Problems

FALL 2007 SOLUTIONS

(1) (a)
(b) (i) For A > 0 let A = u?, then

y = Acos px + Bsinuxr = 3y = —Apsin ux + By cos pz.

The first boundary condition gives y'(0) = B = 0. The second
boundary condition gives, y/(L) = —Apsinpul = 0, so p =
nm/L for n = 1,2,3,.... Then our eigenvalues and respective
eigenfunctions are

Ap = (E)Q = cos (wa)
n — L b) yn - L

(ii) For A < 0 let A = —p?, then
y = Acosh ux + Bsinh uxr = ' = Apsinh ux + By cosh px.

The first boundary condition gives, ¢'(0) = B = 0 and the sec-
ond boundary condition gives, y'(L) = ApusinhulL = 0= A =
0, so we get the trivial solution y = 0.

(iii) For A=0,y=c1+cx,50y(0)=co=9y'(L) =0=y =
c1, so the eigenvalue and eigenvector is,
Ao =05 yo = 1.
(2) (a) Our sketch should look like the following:
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(b) Since they are interested in the Sine series, a, = 0. And we

have,
9 L 1
by, = / f(x)sin (@> dx = 2/ (1 — x)sin(nmx)dx.
L Jo L 0
We use integration by parts via u = 1 —x = du = —dx and

dv = sin(nnmz)dr = v = (—1/nm) cos(nmx). Then we get,

2z —1 Lot 2 2
Ar—1) —/ cos(nmx)dr = jM
0

nm g nw nw  (nw

| ©

2
by, = cos(nmx) —
nm

Then our Fourier series is,

2
flz) = nz:l — sin(nmx).
(3) (a) We first need to manipulate our function,

2s+1 2s+1 s+1 1

TP +25+5 (s+12+22 (s+1)2+22 (s+1)2+2%
The last expression is from formula 9 and 10,

F(s)

1
f(t) =2 tcos2t — ie_t sin 2t.

(b) Lets define,

F(s) = 1—s5 _ A n B n C .
(s+1)3 s4+1 (s+1)2 (s+1)3
From the partial fractions we get,
A(s+1)*+B(s+1)+C = As*+(2A+B)s+(A+B+C)=1-s=> A=0=>B=-1= C=2.

So we get, from formula 11,

2 1
Fo) =55 ~ e

Now we use formula 13,
o(0) = wa (1)1 (1~ 2) = ua(t) [~ 2% 2 — (1 = 2)e 2]
(4) (a) We take the Laplace transform of the entire ODE,

= f(t) =t?e "t —te "

2 2 L 3 o 1 3
1)Y = ¢ 27s ZeT3m Ly — —3ms
(s +1) c +as€ 52—i-1+045(52—i-1)6
Notice,
1 1 s e 2ms 1 s
_ Yy — - —37rs.
s(s24+1) s s2+1 82+1+a<8 32—1—1>6

Then taking the inverse transform gives,
y = ugx(t) sin(t — 2m) + a[1 — cos(t — 3m)] us. ().
(b) y(5m/2) = sin(7/2) = 1.

(c) y(7m/2) = sin(3m/2) + a — cos(nfZ = 0= a = 1.



(5) (a) This is linear and we must first convert this to standard form,

2 cost bdr
y'+ty::>u=eXp<2/ T) :t2:>M?J:/N9(t)dt

12
int C
:>t2y:/costdt:sint+0:>y: g—i——.
12 t2
Plugging in the initial condition gives, y(7) = C/7? = 0, so our
solution is,
sint

y=—g

(

This is nonlinear, but we can use separation,

b)
2xdx 1 du
/ vy = / iU / - =Inful+Cr = In(1+2%)+C1 = y = £V/In(1 +52)? + G,

From the initial condition we get y(0) = Cy = —2 = Cy = 4.
Notice this gives us the branch of the root we need to take,

y=—vIn(l+22)2+4.

(6) (a) We first find the characteristic solution,
1
r246r+13 =0=r = 5 (—6 £ V36 — 52) = —3£2i = y. = e (A cos 22+ B sin 2z).

We guess the form of the particular solution to be,

Up = 6_3””(01 cos 2x + co sin 2x) + (D2x2 + Dix + Dy)(F1 cos 3z + Eo sin 3z).

Notice a repeat with e=3%(A cos2x + Bsin2z), so the form of
the particular solution is,

Yp = e 371 (cy cos 2 + co 8in 2x) 4 (Dox? + Dy + Do) (Ey cos 3x 4 Es sin 3x).

(b) Let y = uy; = ux?, then 3y = u'2% + 22zu and y” = u’2? +
4zu’ + 2u. Plugging into the ODE gives,

22 [u”:p2 + 4z’ +24] — 3z [u’azQ +2/:cu/} —f—M: ot + 23 = 0.
Let v = o/, then

d d k
it =0= 2 = - Sy = —In|z[+C) = v =2 = u =k In|z|+Cy = y = ky2®In |z|+Coz®.
v x T

Then our second solution is y2 = z2In |z|.



SPRING 2012 SOLUTIONS

(1) (a) This is separable so we separate and integrate,

d 1 1
/y4 =3 /wdaj = In(y—4) = ZZL'Q—FC = y—4 = ke"/t = y = ke*" /44,
y J—
(b) We take the characteristic polynomial and proceed,
2 —6r+9=(r—-32%=0=r=3,3=y=(c1 +cox)e’.
(c) First we find the characteristic solution,
P43r+2=>r+1)r+2)=0=>r=—-1,-2=y.=ce * +cpe 2.

Next, the form of the is y, = Az + B, then plugging into the
ODE gives,

3A+2Ax+2B=42+2=A=2= B=-2.
Then our solution is,
Y=Yc+yp=cre "+ coe” 4+ 20 — 2.
(2) We take the Laplace transform of the entire ODE,
4e—10s 4e—10s
2—4s+13 (s—2)2+32

367105
(s —2)2 432

(2 —4s +13)Y =4e ¥ = vV =

QO >

4
=y= §e2(t—10) sin(3(t — 10))u10(t).

(3) Again,
G(s) Gl
s2—4s+5  (s—2)2+1

(4) We first find the eigenvalues,
' 1-x 2

t
(2 —4s+5)Y = G(s) =Y = =y = / ¥ sinTg(t—7)dr.
0

4 3—A

Now we find the respective eigenvectors,

a:(ﬂ;(i i)x(l)zozmj(l):<—11>;$(2):(—44 _22>$(2):0:>x(2):<

So our general solution is,

x:cl<_11>e_t+02<;>e5t.

From the initial condition we get,

[ —caate ) (1 o o
:U(O)—< 14 26 >—<1>:>02—2/3:>01——1/3.

Then our solution is,

L1 21 s
“’"‘3(1)6 *3(2)6'

1
‘ = (1-0)(3-X)-8 =X —4A-5=0= A = _ (4=V16+20) = 243 = ~L.5.



(5) (a) We first find the characteristic solution,
r24+9=0=r==43i =y, = Acos3z + Bsin3z.
Now the particular solution is y, = D cosx + Esinx. Plugging
this into the ODE gives,
—Dcosz+FEsinxz+9D cosz+9E sinx = 8D cosx+8FE sinx =sine = D =0, F = é
Then our general solution is,

1
y = Acos3x + Bsin3x + ésin:):.

The first boundary condition gives, y(0) = A = 0, then 3 =
3B cos3x + (1/8)sinx. The second boundary condition gives,

1
Then our solution is,
1 . 1 .
y="5] sin 3z + gsmx.

(b) cosTx: T =2n/7;tan3x : T = n/3; sin?z: T = 7.
Now sinh 2x is a bit harder. This is clearly not periodic but it
asks us to prove it. We apply the definition of periodicity,

sinh(2z) = sin(2(x +T')) = sinh(2z + 27T") = sinh 2x cos 2T + cosh 2x sinh 27

Notice that this only happens when cosh 27 = 1 and sinh 27" =
0, and in both cases T' = 0, so it is not periodic.
(6) (a) The plot is as follows:

=)




(b) Notice that since f(z) is even f(x)sinzx is odd, so

by, = i/LLf(a:)sm (?) dr = ;/Zf(:z:)sm (%) dx = 0.

Now we calculate ag and take advantage of the fact that f(x)
is even,

1 L 1 2 2 $2
_L/_Lf(l’)dw:2/_2f($)d:n:/o (2—1’)d$=2:}j—?

Again for a,,

/ flx cos dm = / f(z cos ) dr = /2(2—9:) cos (?) dx
0

2
= 2.
0

Now we use by parts with v = 2 — 2z = du = —dx and dv =
cos(nmz/2)dr = v = (2/n7) sin(nrx/2),
0

2 . (nm 292 nmx 2\ nwT
—(2—x)sin + [ —sin (—) dr =—|—| cos <—>
nmw 2 o Jo nm 2 nmw 2

Notice that cos(nm) = (—1)", so our Fourier series is,

—1+Z<m) 14 1) cos (27

However, if you wish to stick with cos(nm) instead of converting
it that would usually be ok.
(7) (a) The sketch should look as follows:
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(b) Since they ask for odd extensions we want the Fourier sine series
of the function, so a, = 0, and

2 [E 2 [T
b, = L/O f(z)sin (?) dx = /0 (m — ) sin nxdx.

T
We use by parts with u = 7 — x = du = —dx and dv =
sinxdr = v = —(1/n) cos nz,

2(x — T T2 2 2 0
bn:mcosnxo ; Ecosna:dx:ﬁ—i-%gnmﬁ

So the Fourier sine series for our function is,

o0

f(z) = Z % sinnx.

n=1



