MATH 222 RAHMAN Exam 1 F16 Solutions

(1) (a) Yy =0=y.=0,-1,4.
(b) T didn’t feel like drawing the direction field on MatLab, but hopefully you get the idea.
y >4 y <0
O<y<4 Yy >0
—-1<y<0 3 <0
y<-1 4 >0
(2) (a) zy” +y' = In(zy) 2nd order, nonlinear.
(b) y; = —2sin2t, y{ = —4cos2t, —4 cos 2t + 4 cos 2t = 04/.
yh = —2cos2t, yy =4sin2t, 4sin2t — 4sin 2t = 04/.

(3) (a) Use separation,
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Notice that y(0) = =2, so (14+y(0))/(1 —y(0)) = —1/3 < 0. However, due to the absolute values
we get a positive expression; i.e.
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Then,

Y+ 1= yk.e4:1:+2:1:2 _ k€4z+212 = [1 _ ke4x+2:cz:| y = -1 - k€4x+2x2

_ -1 = ke4z+2m2 _ -1 = (1/3)€4z+212 _ S €4z+212
Y= Thetarz® T (1/3)ete+2e® 3 gdat2a®

As x — oo we run into a snag. The solution asymptotes at exp (4« + 22?) = 3 and there are no
solutions past this point. The asymptote is

1 1 1 /1
44222 =In3 = 2%+ 22 = 51n3 = 224+ 22+1 = §ln3+1 =z+1=+ 511f13+1 = r=—1+ §1n3—|—1.

Choose the positive branch since x > 0.
(b) p=e"" 50

1 1 1
/d (e_ty) = —§/dt = ety = —§t+ C=y= —étet + Ce.

y(0) =C =yg =y = —te'/2 + yoe'.

1 1 1 1 3
y/:—§t€t+(Z/O—é)etzﬂ/@):—‘gﬂL<Z/0—§)€2:0:>Z/0—§:1:>y0=§-



(4) The equation volume is,

av
%:2; VOO)=1=V=2t+C,V(0)=C=1=V=1+2t.
So, V=9=1t=4.
The equation for salt is,

dx 2x dx 2
— =4 - —— = — 4+ ——x=14: z(0) = 10.
dt T e RO

Use integrating factors,

b 2ds
= = In|l+2t]) =1+ 2¢.
u exp(/HzS) exp (In |1 +2¢)) = 1+

Then,
42 + 4t + 10

/d((1+2t)a:):4/(1+2t)dt:>(1+2t)x:4t+4t2+0; r(0)=10=C=10=2= T

So, x(4) =10 = $ = ¥ g/L.

(5) Yns1 = yn + h (12 —12).

n|ty Yn

11 1+.1(1-0)=1.1

21 2[11+.1112-1°)=11+.1(1.21 - .01) = 1.1 + .12 = 1.22
3.3 1.22 + .1(1.22% — .22).

6) (a) (r+1)(r—3)=r>—2r—3=1y" —2y —3=0. The solution is y = c;e™! + 3. Plugging in
the first initial condition gives us,
y0)=ci+ao=a=c=a—c=>y=ce ' +(a—c)e
The second initial condition gives us,
3a— 8
TR

Y =—ce ' +3a—c)e? =y (0)=—c1+3a—c)=F= -4, +3a=B=c =

y:3a—ﬂet+(a_3a—ﬁ)

The full solution is,

4 4
If we get rid of the second term the solution stays bounded for all time, so
3o —
o — a4 p =0=4da=3a—-F=a=—7.

(b) 1 —4=0=r=42=y =cre ? + cpe*. The first initial condition gives us,
y0)=c1+ea=1=a=1-ca=y=ce "+ (1 )™

The second initial condition gives us,
1 1 1
Y = —2cie* +2(1 —c¢))e* =y (0) = -2, +2—2c;, =0=¢; = 3TY= 56_% + 56%.
I'm not going to draw it, but the only thing you have to find is the min: (x,y) = (0,1), and it’s
easy to sketch after that.



