MATH 222 RAHMAN Exam 2 F16 Solutions

1) Qy=a"=y =ra" =y =rQFr- 1) "=2. Plugging this into the ODE gives us r(r — 1)z" — 227 =

(1"2 —r—2)2" =0, so r2—r—2=0= , then our characteristic solution is | y. = 611‘2 + 02:1:_1 .

(b) From the characteristic solution we compute our Wronskian,
—-1-2=

Don’t forget to put the equation into standard form, which gives us | f(z) = 3/2 + 1|. Then we plug

2 -1
X T
W(y1,y2) = ‘ 20 g2

into our variation of parameters formula to get
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S +1 =5 +1 1 1
y = —a? / :U(”C;)cm + ! / x(xg’:s)dx = —x2/ <—x_4 — 3x_1> dx + x_l/ (—x_l — 3$2> dx

1 1 1 1 1 1 1 1
= —z? <3£L‘_3 — 3ln:z:—|—03> +27t (—lnx— 9m3—|—04) = _ﬁ_{_ 3x ’Inz — c32? — Elnm— §x —|—C45

(2) (a) y=wvypr =y =v'y1 +oy) =y ="y + 20" + vy
t—1y" —ty +y=(t—1) "y + 20"y + vy!] —t [V'y1 +oy1] + oy = (£ — 1) [ev” + 2] —te's" =0
0
= (t = Lyrv” + [2(t = yi — tyav' + [(t — D=1y + p]v =0
t—2
= (t—1)e"v" 4+ [2e'(t = 1) —te']v' = (t — )" + (t = 2)e'v' =0 =" = —ﬁv’.

Let u =/,

1 d 1
u = L_l—l]ui/::/[t_l—l] dt = Inju| =In|t—1|-t+Co = |u =kt — 1)e™ | = v:k/(l—t)e_t.

By parts: u=t—1=du=dtand dv=e¢! = v =—e7t,

U:k[(l—t)e_tjt/e_tdt} =k[(1-tet—e " +C1 =|y=kit+ Coe' |= |y =1t|

(b) W(y1,y2) = Cexp (— Ik ql(s)ds).
_/tql(s)ds_/tsilds_/tw_/tl_i_sil_1n’t_1|+téw<yhy2)_ C(t—l)et.

S —

(c¢) Put it into standard form:

In(t) tan(t)

t—17 T T 1

The discontinuities are at ¢ = 0, 1, £n7/2, however the initial condition is at ¢ = 1/2, so the only possible
interval is t € [ (0,1) |.

(t—1)y" —ty +y = In(t) tan(t) = " — Y+

(3)r2—10r +25 = (r—5?2 =0 = = |y = (c1 + cox)e® | Our guess for the particular solution is

”
Yp = Ae®® however we have a repeat with repeated roots, so our particular solution actually is

yp = Az?e™ | = Yy, = 5Ax%e’” + 2Aze5 = Yy = 25Ax2e% 4 20 Axe®® + 2Ae°”
= 254227 + 20Axe® + 247 — 50Ax%e® — 20Aze® + 25 Az = 247" = 107,

Then, , so the particular solution is |y, = = 522e> |, and the general solution is |y = (c1 + cox + 53:2)6‘%
Plugging in the initial conditions gives us y(0) = = y = (cox + 52%)e”®. For the second initial
condition we take the derivative: 3’ = (ca + 102)e® + 5(cox + 522)e5?, then y/(0) = , so the solution
is |y = (x + 5x?)e™”




(4) (a) yo = A1cos2t+ Aysin2t. Our guess at the particular solution is
Up L (agt® + art + ag)(By cos 2t + By sin 2t) + (byt + bg) (D cos 2t + Dy sin 2t)

We have repeats with the sines and cosines, and since it didn’t tell us to simplify or solve for anything I
will just multiply both blocks of terms by ¢ and leave it as is,

yp = t(agt? + a1t + ag)(By cos 2t + By sin 2t) + t(byt + b) (D1 cos 2t + Dy sin 2t)

2t 2t

R
. Our guess for the particular solution is y, = ag + aje™

(b) |ye =c1 + coe” , S0 we have a repeat on both

terms, then it becomes

Yp = aot + alte_% = y]') = ag + ale_Qt — 2a1te_2t = y]')’ = —4a16_2t — 4a1te_2t

= —4a16_2t + 4a1te_2t + 2a0 + 2@16_2t — 4a1te_2t = 2ag — 2@16_2t = 3te 2

3 1
Then ‘ao = 3/2‘ and ‘al =-1/2 ‘ So the general solution is |y = ¢ 4+ coe™ 2 + 57& — §te*2t . The first

initial condition gives us y(0) = ¢; + ¢ =0 = . Plugging it back in gives y = ¢; — cje™ ! +
%t - %te*% =y = 2cie7 % + % - %67% + te=?!. Plugging in the second initial condition gives y/(0) =

B — 11 5 3 1, o
261+1—0:>andweget y——§+§e —|—§t—§te

(5) m=1/2,k=16/(8/17) = 34, v = 2, then our IVP is

1
§u” +2u' + 34u = 0; u(0) =0, v'(0) = —3}

We have r = —2++/4 — 68 = = |u = e ?*[Acos8t + Bsin8t]| Plugging in the first initial condition
gives u(0) = . The derivative is u' = —2e 2! Bsin 8t + 8 Be 2! cos 8t. The second initial condition gives

1
us u/(0) =8B = —1/2 = B = —1/16. Our solution is |u = —Ee*% sin 8t |

(6) m=1/8, k=4/((3/2)/12) = 32, then our IVP is

1
éu" + 32u = 3cos 15t; u(0) = u'(0) =0

Then we get (1/8)r? +32 =0 = 72 = —22.2.2.42 = . So, the characteristic solution is

e = Aq cos 16t + As sin 16¢ ‘ We will see that there won’t be any repeats, so our particular solution is

up = By cos 15t + By sin 15t = uj) = —15” By cos 15t — 15> B, sin 15t
152 152 . .
= —?Bl cos 15t — ?Bg sin 15t + 3284 cos 15t + 32B9 sin 15t

152 152 :
=132— = Bjicos15t+ | 32 — = B sin 15t = 3 cos 15t.

Then and By = 3/(162 — 152) = ’ 3/31 ‘ = ‘ up = (3/31) cos 15t ‘ So the general solution is
'u = Ay cos 16t + Ay sin 16t + (3/31) cos 15¢ | The initial conditions give us u(0) = A;+3/31 = 0 = | A, = —3/31

3
and u/(0) = 16 A2 = 0, then our solution is |u = ﬁ[cos 15t — cos 16t} |. However in order to plot it we need to

use our trig identities with the definitions: ’a = 31t/2 ‘ and ’ b=1t/2

, then

cos 15t = cos(a — b) = cosacosb + sinasin b; cos 16t = cos(a + b) = cosacosb — sinasinb

31
= c0s 15t — cos 16t = 2sinasinb = 2sin ?t sin 575

6 32 1
Now our solution is in a form that can be plotted: |u = 31 sin ?t sin it




