MaATH 3350 RAHMAN Lecture 13

3.5 VARIATION OF PARAMETERS
Consider the ODE
y' +p@)y +a(z)y = f(2) (1)
and suppose we have the following characteristic solution
Ye = C1Y1 + C2Y2 (2)
What if for the full solution to (1) we can think of the “constants” as functions; i.e. y = ui(z)y; + ua2(z)y2. We can use this as
an ansatz and plug it into the ODE. For the derivative we get
y' = uiyr +uryl + usys + uzys.
We only want one derivative in our final equation so lets force
Uy + Uy =0 (3)
0 ¥ = u1y) + u2ys, then
y" = uyy) +uhys +uayy + usyy.
Plugging this into 1 gives
0 0
wiyy +uayy + [y + p@yr T a(e)n] + valys +playys+ a(@)y:2] = f(2)

Notice that the terms in brackets cancel because they are solutions to the nonhomogeneous ODE. This gives us our second
equation

uyyy +upyy = f(x) (4)
From (3) we get uj = —ubys/y1. We plug this into 4 in order to get an expression for usy
f@y  _ fl@)y
yoyr —yiy2 - Wiy, y2)

Y2
—U’zy’ly + ubyh = f(z) = —ubyiye + ubybyr = f(2)y1 = uh =

Now we plug this into our expression for u; to get

U = — f(x)yQ
! W(ylv yZ)
Then we integrate to get
_ f(@)y2
"= W) )
B f(@)y
1= / W(yl,yz)dx (6)

Then plugging back into our original ansatz gives us

- dx + /71(130
yl/Wyh 2 | Wy, )

Theorem 1. Suppose the ODE (1) has a unique solution on I open. Assume it has the characteristic solution (2). Then

Y1
— d + vy /7dx 7
yl/ W y17 b2 w y17 ) ( )

18 the general solution.

Now we could just use this theorem for all our problems. The only downfall is that we will have to memorize this formula. So,
just in case you forget the formula, do know how to work out the derivation, and try to use the derivation on specific problems.

Ex: y' —vy —2y=2e?
Solution: 72 —r—2=(r—2)(r+1) =0 = y. = c1e? + cae7?, s0 y1 = €2 and y = e~*. First we calculate the

Wronskian
o2t ot .
W(y1,y2) = 902t —t | =3¢

—€

Now lets compute our two integrals separately

e~ t.2et 2 2
= [ = L et = Ly,
/Wyl,yz / "3t 3/6 ¢ T
et . 9et 2 2
= ——dt = — dt = ——t .
/Wyl,yz / 3¢t 3/ ghte

and



Ex:

Ex:

Then plugging this back into (7) gives
2 2 2 2 2
y = —e {9 —3t +03] et {3t+ 64} — §e*t _ gte—t — g€ f gt = cget — gteft

y' =2y +y=e'/(1+17).

Solution: 7r2—2r+1=(r—1)2 = 0= y. = cie’ +catel, then y; = e’ and yo = te!, then we compute the Wronskian

et tet o
et el 4 tet ’

W(yhyQ) = =e€

Now we compute the two integrals

tet et /(1 +t2) tdt 1 )
it = = _—In(1+t .
/Wy1,y2 / e?t /1+t2 g Inll ) s

el et /(1+¢2) dt
- T g = =tan 't
/Wylay2 / et /1+t2 ot
Plugging this into (7) gives

and

1
y=—5¢ In(1 + %) + tef tan~ ' t — czel 4 cyte’.
y" =5y + 6y = g(b).

Solution: 72 —5r+6 = (r —3)(r —2) = 0 =y, = c1e3' + 2%, s0 y; = €* and yo = €. The Wronskian is

eSt e2t

W(ylay2) = ‘ 36315 2€2t ot

= —€

Plugging this into (7) gives us

2t
y= fegt/e gg)dtJr /e gét)dt /673tg(t)dtfe2t/ethg(t)dt
—e —e

2" —t(t +2)y + (t+2)y =23, t > 0; yi(t) = t, ya(t) = tet.
Solution: We must first convert this into standard form
y - t+2 , t+2

= 2t.
t v+ t2 Y
The Wronskian is
Wi ) = t te! _ 2t
Y1,Y2) = 1 tet _|_et - .
Then we plug into (7) to get
tet - 2t t- 2t
y= ft/eﬁitdtthet o /2dt+tet/2e*tdt = —2t% + cyteate’.
e
So the particular solution is
Yp = —2t?

22y + xy' + (22 — 0.25)y = g(x), > 0; y1(x) = 27/ ?sinw, yo(z) = 272 cos z.
Solutlon We convert this to standard form

1 2 —0.25 x
y”+—y'+ > y:g(2).
T T

The Wronskian is
“12ging Y2 cosx
1,.-3/2

T
Wy, y2) = ’ —1273/2sinz + 2712 cos

cosz —x Y2ginzx

1/2

Then plugging into (7) gives
y=—ag /2 sinx/ r Cos;:/- g(z)/2? dx +z~ /2 cosm/ v Psin - g(x)/a? dz
—1/x

:x_l/Qsinx/Mda:—x_l/ZCOSI/MdaE



