MaATH 3350 RAHMAN Lecture 9 and 12

3.4 UNDETERMINED COEFFICIENTS

Consider the nonhomogeneous ODE
any™ + an_ 1y Y 4 gy’ 4 ary’ +ao = f(x). (1)

Notice that our usual solution won’t work, but maybe it’s part fo the solution. Suppose y, is a solution to (1) that is linearly
independent with respect to the solution the homogeneous ODE. Let y be the general solution of (1). Lets plug in y. =y — ¥,
in (1), then we get that y. is a solution to

any™ + an_1y" ™ 4+ agy” + ary + ag = 0. (2)

So, in fact y. is the solution to the homogeneous ODE, so y = y. + yp, where y. is the homogeneous part of the solution and y,,
is the purely nonhomogeneous part of the solution.

Definition 1. The characteristic solution, y., is the general solution of (2) and the particular solution, y,, is the additional
solution to (1).

Casel: No termin f(x) is the same as any term in y.. Then y, is a linear combination of terms of f(x) and their derivatives.

o filz) =2" = y1, = Apa” + Ay 4+ Ajx+ Ap. If our f is a polynomial, the particular solution will be of the
form of the most general polynomial of order of the polynomial in f.

o fo(x) =e™* =y = ke™*. This one is easy.

o f3(x) = cos(mx) or sin(max), then y3, = Acos(mzx) + Bsin(mz). If we have sine or cosine our particular solution will be
a linear combination of sines and cosines.

o f(x) = fi(x) + fa(x) + f3(x) = yp = y1, + Y2, + y3,. If we have a combination of these simple examples then we just
combine all of their respective particular solutions.

o f(z) = fi(z)fa(x) f3(x) = yp = Y1,Y2,Y3,- We do the same sort of thing with products.

Case 2: f(z) contains terms that are z™ times terms in y,, i.e. if u(x) is a term of y. and f(z) contains z"u(z). Then y, is
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as usual but multiply by “x”.

e Consider y. = g(x) + €™* and f(z) = I(x) + 2"e™*, where we don’t care about g(x) and I(z) — we are just thinking of
them as place holders. Then our particular solution is y, = h(z) + (A,z" T + A, _12™ + -+ - + Agz)e™™.

o Consider a similar case except with sine, also equivalently cosine. y. = g(x) + sin(mz) and f(z) = I(z)2" sin(mz), then
our particular solution is, y, = h(z) + (Apz" ™ + A,_12™ + - - - + Agx)(B cos(ma) + C'sin(ma)).

Case 3: If 5, contains repeated roots with the highest being of order A (i.e. 2*) and f(x) contains terms " times the
repeated root terms, then multiply out by z**+1.

o y.=g(x)+a +---+e™ and f(z) = I(z)+2"e™*, then our particular solution is y, = h(x) + 2 1 (A2 + Ap_12™ 1 +
R Alx + Ao)emw.

The idea for the repeated cases is to get rid of all the repeats while preserving the same amount of constants. The cases that
are outlined above are very general, so I made a table of the type of expressions we would most likely come across
Case Characteristic Solution Repeat Form of Particular Solution
Case 2 Yo = c1€"% + o™ zel® yp = x(Apa™ + -+ Ay + Ag)e™”
Yo =5 (Acos(0x) + Bsin(0z)) | 2"e8% cos(0x) | yp = x(Apa™ + -+ + Ay + Ag)et® cos(0z)
Case 3 Ye = (c1 + cox)e?® e Yp = 22(Apx™ + -+ Ay + Ag)e™®
1




It can be tricky to figure out what y, has to be in the beginning, but hopefully some practice problems will help us.

Ex:

Ex:

Yy + 2y = 3+ 4sin 2t.

Solution: r2+2r=7r(r+2)=0=r=0,-2,50 y. = c1 + cae 2!, Since f(t) = 3 + 4sin 2¢, our initial guess for the
particular solution is y, = A 4 B cos2t + C'sin 2t, but this would be incorrect because we already have a lone constant
in our characteristic solution, so our actual particular solution is y, = At + Bcos2t + C'sin2t. Plugging this into the
ODE gives,

4(C — B)cos2t —4(B+ C)sin2t + 2A = 3 + 4sin 2¢.
Matching the terms gives 24 = 3 = A = 3/2 immediately. From the cosine term we get 4(C'— B) = 0 = C = B because
there is no cosine term on the right hand side. From the sine terms we have —4(B+(C) =8B =4=(C =B = -1/2, so

our particular solution is y, = %t — %cos 2t — L sin2t. Then our general solution is

2
3 1 1
y=rc1+coe 2 4 575 -3 cos 2t — 3 sin 2¢.
y// + 9y — t263t + 6.
Solution: 72 +9=0=r = £3i, then y. = Acos3t + Bsin3t. Since f(t) = t2e¢3 + 6, y, = (At?> + Bt + C)e%, and
there are no repeats. Plugging this into the ODE gives
2Ae3 4 6(2At + B)e3' + 18(At? + Bt + 0)e® + 9D = t?e3 1+ 6
= 18At%e3 + (124 + 18B)te" + (2A + 6B + 18C)e™ + 9D = t?e* + 6.
Matching terms immediately gives us 9D = 6 = D = 2/3. From the t?e3 we get 184 = 1 = A = 1/18. The other terms

are zero so we get, 12/18 + 18B =0= B = —1/27, and 1/9+2/9+ 18C = 0 = C = 1/162. So, our particular solution
is y, = (t2/18 — /27 4+ 1/162)e3 + 2/3. Then our general solution is

1 1 1 2
= Acos3t+ Bsin3t + | —t* — —t*+ — | ¥ + =.
Y cos 3t + Bsin3 +(18 97 +162>6 +3
y" — 2y’ — 3y = 3te*; y(0) = 1, y/(0) = 0.
Solution: 72 —2r—3=(r—-3)(r+1)=0=1r=3,—-1=y. = c1e3 + coe". Since f(t) = 3te*, y, = (At + B)e?
and there are no repeats. Plugging this into the ODE gives
4Ae* + 4(At + B)e*® — 24e* — 4(At + B)e* — 3(At + B)e* = —3Ate* + (2A — 3B)e?" = 3te*.

Matching the te?! gives —34 = 3 == A = —1. The other term is zero, so we get —2 — 3B = 0 = B = —2/3. This gives
us y, = (—t — 2/3)e?!, then our general solution is

2
y= cle3t + CQB_t + (—t — 3) e,

The first initial condition gives y(0) = ¢1+c2—2/3 =1 = ¢1 +c2 = 5/3, and he second gives y'(0) = 3¢; —ca—1—-4/3 =
0 = 3c; — co = 7/3. Now we add the equations to get 4¢; =4 = ¢; = 1 = ¢ = 2/3. Then our solution is
2

2
y =3t 4 ge—t+ <—t— 3) o2t

y' 4+ 2 +2y=3et +2e tcost + de tt?sint.

Solution: For this problem we only need the form of the particular solution. In order to get that we still have to
compute the characteristic solution: r? +2r +2 = 0 = r = —1 44, which gives y. = e !(c1 sint + ca cost). From f(x)
we can guess a particular solution of

Yp L e '[A+ Beost + Csint 4 (Dot? + D1t + D) cost + (Eot? + Eit + Ep) sint]
; Bit[A + (B2t2 —+ Blt —+ Bo) cost —+ (Cgt2 —+ Clt —+ CQ) SiIl t]
However, this would be wrong due to the repeats. So, we need to multiply the cosine and sine block out by ¢

Yp = € [A+ t(Bat? + Byt + By) cost + t(Cat? + C1t + Cy) sin t]



