MATH 4350 RAHMAN Week 7

3.5 CAUCHY SEQUENCES CONTINUED
An interesting type of Cauchy sequence is a contractive sequence.

Definition 1. A sequence {z,} is contractive if there is 0 < C' < 1 such that |2,12 — Zpt1| < ClTpi1 — 2n
for all n € N.

Theorem 1. FEvery contractive sequence is Cauchy.

Proof. Notice that
[Tni2 — Tni1| < Clangr — on| < CPlap —an | < -+ < C|ag — 24
Then, without less of generality, if m > n,
[Tm = @n| < |Tm = Tt |+ o1 — T2+ [T — @] < (Cm_2 +C™ P4 Cn_l) |72 — 21|
=1 <1_1_072n> |xe — 21| < ot (1_10) |xo — x1].
Since 0 < C' < 1, and 1/(1 — C) is constant, choose

In (1-C)e
|z2—1]

InC

N(e) > +1,

then |z, — x,| < e for all n > N.

3.7 INFINITE SERIES
We know what series are from Calc II, so lets jump right into it
Theorem 2 (n'® term test). If 3" z,, converges, then x,, — 0.

Proof. Consider the partial sum Sy = Yo", #,. If >z, converges then the sequence of partial sums Sy
must also converge, say to S. Then for all e > 0, |z,| = |Syv —Sn—1| < € for all N > M because a convergent
sequence is also Cauchy. Since this holds for all €, x,, — 0. ]

Theorem 3 (Direct Comparison). If 0 < x,, <y, for alln > K € N, then
(1) If > yn converges so does . x,.
(2) If >z, diverges so does > yn.

Proof. If 3" y,, converges, then clearly Sy = Zf:; x Yn converges, which means that it is Cauchy. And since
Ty <y foralln > K, Ry = Zg: x < Sn. Further, for all € > 0, if we assume without loss of generality
that M > N, we have

|[Ry — Ryl = lem +xpm—1 +opm—2 + -+ vy <lym +ym—1 +ym—2+ -+ ynvy1| =[Suw — Sn| < e
forall M,N > K. O

Theorem 4 (Limit Comparison). Suppose n,yn > 0 and % — L, then
(1) If L #0, then Yz, and Y.y, both converge or both diverge, and

(2) if L=0, if >y, converges, so does > x,.
Proof. (1) Since Z—n — L # 0, there is an N € N such that

1 . 1
< <ol = Z Ly, <, < 2Ly,
2 Un, 2

So, by direct comparison if without loss of generality Y y,, converges, then so does Y x,.
(2) If L =0, then 0 < x,, < y,, and again by direct comparison if ) y,, converges so does >z,

What is a direct consequence of part b?



